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Summary of last time

Objectives: model and study a distributed application
@ Keep the ideas of:

o trajectories as partial orders of events,
e distributed computations (no global supervisor),
@ and show that one can compute with partial orders.
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@ Arricher context: model processes, messages and channels
e communicating automata: too powerful (unbonded channels)
e both processes + bounded channels = finite automata
e synchronization by shared labels (instantaneous)
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@ Trajectory semantics:

@ sequential semantics: word = sequence of transitions,

but distinguishes all paths in concurrency diamonds
@ concurrency semantics: Mazurkiewicz traces,

words = equiv. classes of sequences = partial orders of events
(fx.)
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@ Towards an easier setting to represent concurrency
@ synchronize automata to form (safe) Petri nets
@ represent runs/configurations as special nets,
forming partial orders of transition firings
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@ In passing, some algebra on languages
e afactorization property on languages of automata

A=A x..xAy = L(A)=L(A)xX" ... x" L(AN)

e notion of minimal factors M;[L(A)] € L(A;)
e similar properties on trace languages
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Unfoldings and their properties

e Summary of last time

9 Unfoldings and their properties
@ Definitions
@ Finite complete prefix
@ Model-checking applications, and complexity

e Next time
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Definitions

Definitions

Safe Petrinet: N = (P,T,—,Pg,4,A)
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and two of its runs/configurations, as partial orders of events
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Definitions

Definitions

Safe Petrinet: N = (P,T,—,Pg,4,A)
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Definitions

Occurrence net:  Petrinet O = (C,E, —,Cog, 4, )
@ places called conditions, and transitions called events
@ the flow — is acyclic (partial ordering)
@ the partial order is well founded

¥YxeCUE, yeCUE : y »"x}|<
@ every condition has a unique cause or is minimal :
YceC, |°c|<1 and Co={ceC : |°c|=0}

@ no event e € E is in self-conflict



Unfoldings and their properties
00®@0000

Definitions

Occurrence net:  Petrinet O = (C,E, —,Cog, 4, )
@ places called conditions, and transitions called events
@ the flow — is acyclic (partial ordering)
@ the partial order is well founded

¥YxeCUE, yeCUE : y »"x}|<
@ every condition has a unique cause or is minimal :
YceC, |°c|<1 and Co={ceC : |°c|=0}

@ no event e € E is in self-conflict

Conflict: two paths separating at a condition

‘en®e’ #0
X#x' & Je+e’ €E,{ e »"Xx
e/_>*X/
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Definitions

Concurrency:

XLy & =(x="y)A=(y =" x)A-(x#y)
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Definitions

Concurrency:
XLy & =(x->"y)A=(y =" x)A=(x#y)

Co-set: X € C suchthat VYc,c’ € X, c L ¢’
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Definitions

Concurrency:
XLy & =(x->"y)A=(y =" x)A=(x#y)

Co-set: X € C suchthat VYc,c’ € X, c L ¢’

Cut: a maximal co-set for C
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Definitions

Concurrency:

XLy & =(x="y)A=(y =" x)A-(x#y)

Co-set: X € C suchthat VYc,c’ € X, c L ¢’
Cut: a maximal co-set for C

Prefix: O’ = (C’,E’,...)C Off
O’ is a causally-closed sub-net of O, containing Co and E’*
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Definitions

Configuration: denoted «, a conflict-free prefix of O

@ specific case: local configuration
[e] = smallest configuration containing event e
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Definitions

Configuration: denoted «, a conflict-free prefix of O

@ specific case: local configuration
[e] = smallest configuration containing event e

Lemma (cuts and configurations)
XisacutofO & Jk=(C’,E’,...) suchthat X = max(C’).
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Definitions

Branching process of A: (O, f) such that

o f: O — N is a morphism of Petri nets, and a total function,
@ f labels conditions/events of O by places/transitions of N

@ parsimony: Ve,e’ €E, ‘e ="‘¢e’, f(e)=f(e’) = e=¢’
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Definitions

Branching process of A: (O, f) such that

o f: O — N is a morphism of Petri nets, and a total function,
@ f labels conditions/events of O by places/transitions of N
@ parsimony: Ve,e’ €E, ‘e ="‘¢e’, f(e)=f(e’) = e=¢’
@ Through f, configurations of O represent runs of N

@ Let X = maximal conditions of x (X forms a cut),
f(X) is the marking of A produced by run «.
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Definitions

There exists a unique maximal branching process (U, fa’) of N,
maximal for the prefix relation C. It is called the unfolding of N.

Proof: by definition of the union of BP of a net N.
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Definitions

There exists a unique maximal branching process (U, fa’) of N,
maximal for the prefix relation C. It is called the unfolding of N.

Proof: by definition of the union of BP of a net N.

Unfolding algorithm:

@ |Init:
@ C = Cgy isomorphic to Py by fp
e E=0,-=0

@ Until stability, repeat
e for a co-set X C C and transition t € T such that fo (X) = °t
o create event e in E (if it doesn’t already exist)
with fy(e) =t, *(e) =X
e then add new conditions X’ to C
with X’ = e*®, and X’ isomorphic to t* by fx
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Finite complete prefix

Objective: select a finite prefix of U that is sufficient to test
properties of the concurrent system (or distributed application).

Idea: avoid repeating the same patterns in the unfolding.

Definition (FCP)
A finite prefix O of Uy is complete iff

@ all reachable markings are represented
VYM reachable in N, 3k € O, M = Mark (k) = fy[max(x)]

@ all transitions firable from a reachable marking appear
YteT, M[t)M’, Tk, &’ € O, M = Mark(x), ¥ = k& {e} and
fn(e) =t
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Finite complete prefix

Naive idea: apply the unfolding algorithm, and stop it as soon as
an already met marking is found.

@ Stop criterion: Mark([e]) exists in O,
@ this makes e a cut-off event

Problem: generally yields an incomplete prefix...
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Finite complete prefix

Solution: break the symmetry, by favoring some configurations

Adequate order: < on (local) configurations

@ well founded (finite number of predecessors for any
configuration)

@ refines prefix inclusion: k C ¥’ = k<«

@ preserved by isomorphic extension:
if k<« and Mark(x) = Mark (")
then kde <« @e’ where fy(e) =fy(e’)
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Finite complete prefix

Solution: break the symmetry, by favoring some configurations

Adequate order: < on (local) configurations

@ well founded (finite number of predecessors for any
configuration)

@ refines prefix inclusion: k C ¥’ = k<«

@ preserved by isomorphic extension:
if k<« and Mark(x) = Mark (")
then kde <« @e’ where fy(e) =fy(e’)

Examples
@ take <=C

@ the number of events (Mc Millan)

@ the lexicographic order, for product nets (Esparza):
e events of each component are counted separately
@ to each configuration is attached the vector of countings
e the lexicographic order is based on an ordering of component
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Finite complete prefix

Definition (Cut-off event)

Event e is a cut-off event in BP (O, fy) of A iff there exists another
e’ in O such that Mark([e’]) = Mark([e]) and [e’] < [e].
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Finite complete prefix

Definition (Cut-off event)

Event e is a cut-off event in BP (O, fy) of A iff there exists another
e’ in O such that Mark([e’]) = Mark([e]) and [e’] < [e].

Prefix construction:

@ Init:
e C = Cq isomorphic to Pq by fy
e E=0,-=0

@ Until stability, repeat
e for a co-set X C C and transition t € T such that fo(X) = °t
and such that there is no cut-off event in [X]
e create event e in E (if it doesn’t already exist)
with fy(e) =t, *(e) =X
e then add new conditions X’ to C
with X’ = e*®, and X’ isomorphic to t* by fx
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Finite complete prefix

Application: resolution of the previous counter-example

@ Assume [e3] < [es], which makes es a cut-off
so [es, e4] < [es, €6] (isomorphic extentions).

@ [eg] < [e4] is false: it would induce [eg, es] < [€4, €3] !
So e4 can't be a cut-off event.

@ The algorithm reaches ey.

@ Notice that either [e4] < [eg], which makes eg a cut-off,
or [e4] and [eg] are uncomparable.
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Finite complete prefix

The prefix O obtained by stopping the unfolding algorithm at
cut-off events is finite and complete.

Proof of completeness.
@ Mreachablein N = 3k C Uy, Mark(k) =M
@ if k contains no cut-off, then « C O

@ otherwise let e € « be a cut-off, with corresponding event of e;
[e1] < [e] and Mark([e1]) = Mark([e])
consider x; = [e1] @ (k \ [e]), then k1 < x and Mark (k1) = M
this removes e from «

@ If k1 contains a cut-off, repeat the construction to build a .

@ The process necessarily stops, because k > k1 > k2 > ...
and < is well-founded.
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Finite complete prefix

The prefix O obtained by stopping the unfolding algorithm at
cut-off events is finite and complete.

Proof of finiteness.
@ O has finite “depth” (= maximum length of a causal sequence

e, o ey oF .. o%e)

there is a finite number of reachable markings in N
two consecutive events reaching the same marking are
comparable for <

@ O has a finite “width”
Co is finite, *e and e* are finite,
so there is a finite number of events that have depth lower
than k (proof by recursion)
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Finite complete prefix

Size of a finite complete prefix:
Is it more interesting to use a FCP or a marking graph to check the
accessibility of some marking M of NV ?

Proposition

If the adequate order used to build the FCP O is a total order, then
the number of non cut-off events in O is bounded by the number of
reachable markings.

Proof. Fore,e’ € O, if Mark([e]) = Mark([e’]), given that either
[e] < [e’] or [e’] < [e], one of them is a cut-off.

Since cut-off events can only be on top of a few non cut-off events,
this also bounds the size of the FCP.
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Finite complete prefix

More on finite complete prefixes

@ The algorithmic construction may yield different FCP...
There exists a canonical construction,
that defines cut-offs “off-line” on U (Khomenko).

@ A FCP of Uy is sufficient to recover the full unfolding Uy .
Notion of e-shift

o let e be a cut-off, with corresponding event e’,

o let T[e']=1{x€0 : [e] »*x} bethe “future” of [e’]

e paste a copy of T [e’] after [e]
Repeating this e-shift for all cut-offs rebuilds the complete
unfolding.
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Model-checking applications, and complexity

Model-checking applications, and complexity

1. Reachability tests
Is the (sub-)marking M reachable in net N ?
By completeness, it suffices to check this on a FCP of N.

Sub-marking:
Try to reach (Q1,Qo), i.e. a marking where places in Q; are
marked, and places in Qg are empty.
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Model-checking applications, and complexity

Remark 1: By introducing complementary places p® to N, Vp € P,
becomes equivalent to assuming Qg = 0.

@ exactly one of {p, p®} is marked at each time
ete’p o tep®® andtep® o te*p®
@ excepted fort € *p N p*
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Model-checking applications, and complexity

Remark 2:
@ Looking for the submarking (Q1,®) amounts to checking that
some extra transition t' with *t" = Q; is firable in AV.
@ This is equivalent to looking for a co-set on which t' can be
fired in the unfolding algorithm.
@ So reachability and co-set construction have identical
complexities.
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Model-checking applications, and complexity

Remark 2:

@ Looking for the submarking (Q1,®) amounts to checking that
some extra transition t' with *t" = Q; is firable in AV.

@ This is equivalent to looking for a co-set on which t' can be
fired in the unfolding algorithm.

@ So reachability and co-set construction have identical
complexities.

Proposition
The reachability test (co-set construction) is NP-hard.
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Model-checking applications, and complexity

Proof: it is equivalent to a solving a SAT problem.
Example:

encoding of the SAT problem (x1 V X2 V X3) A (X1 V X2)
in a safe Petri net

A L ’5

true alse| | true : \[gafse true ]/ Iga!se

OR clause 1 E’;ﬁu S

2
The complexity of moving to the unfolding is polynomial.
So finding a co-set where t; is firable is NP-hard.
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Model-checking applications, and complexity

Algorithm: to build a co-set X with fo/(X) = Q1 = {p1,p2, ...}

@ Method
e take a condition c; with fx(c1) = p1
e extend it with a condition ¢, with fy(c2) = p2, and ¢, 1L ¢y
e try to add c3 with fy(c3) = ps3, and c3 L {cy,Cp})
@ etc., backtracking when failing
@ Concurrency test for c1 1L ¢y
build [c,] and [c;]
check [c1]N[cz] NC =0 i.e. no conflict
check # (c; € [c2]) , i.e. notcy —* ¢,
check # (c; € [c1]) ,i.e. notc, =% ¢y
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Model-checking applications, and complexity

Algorithm: to build a co-set X with fo/(X) = Q1 = {p1,p2, ...}

@ Method
e take a condition c; with fx(c1) = p1
e extend it with a condition ¢, with fy(c2) = p2, and ¢, 1L ¢y
e try to add c3 with fy(c3) = ps3, and c3 L {cy,Cp})
@ etc., backtracking when failing
@ Concurrency test for c1 1L ¢y
build [c,] and [c;]
check [c1]N[cz] NC =0 i.e. no conflict
check # (c; € [c2]) , i.e. notcy —* ¢,
check # (c; € [c1]) ,i.e. notc, =% ¢y

@ The best implementations use SAT solvers for these
properties.

@ These ideas also used to build unfoldings/prefixes. Modern
implementations use and update a list of possible extensions
(=event + co-set).
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Model-checking applications, and complexity

Another approach: using the marking equation

o letw =t1,...,t" be a firable sequence in net N

@ the Parikh vector @ = [v(w, t)]er counts occurences of each
transitiont of T in w

@ the incidence matrix N € NIPXITl is defined by

N(p,t) = ]-t—)p - 1p—>t
@ the marking M reached by w is given by

M = Po+N-@
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Model-checking applications, and complexity

Another approach: using the marking equation

o letw =t1,...,t" be a firable sequence in net N

@ the Parikh vector @ = [v(w, t)]er counts occurences of each
transitiont of T in w

@ the incidence matrix N € NIPXITl is defined by

N(p,t) = ]-t—)p - 1p—>t
@ the marking M reached by w is given by

M = Po+N-@

Proposition
M is reachable only iff there exists a solutionto M = Pg + N - X,
X e NIl If the net NV is acyclic, this condition is also sufficient.

Can be used on a finite complete prefix, assuming it is already
available. Resolution by an integer linear program solver
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Model-checking applications, and complexity

2. Deadlock checking:

Deadlock = marking of N where no more transition can be fired.

Proposition (Mc Millan)

Let O be a FCP of Uy. There exists no deadlock in N iff every
configuration « of O can be extended into a configuration «* J
that contains a cut-off event.

This is simply because there is no deadlock iff every configuration
can be made arbitrarily large in Uy (recall the notion of e-shift).
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Model-checking applications, and complexity

2. Deadlock checking:

Deadlock = marking of N where no more transition can be fired.

Proposition (Mc Millan)

Let O be a FCP of Uy. There exists no deadlock in N iff every
configuration « of O can be extended into a configuration «* J
that contains a cut-off event.

This is simply because there is no deadlock iff every configuration
can be made arbitrarily large in Uy (recall the notion of e-shift).

Equivalently, there is a deadlock in N iff there exists some « that
can’t be extended to reach a cut-off.
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Model-checking applications, and complexity

Equivalently, there is a deadlock in N iff there exists some « that
can’t be extended to reach a cut-off.

Proof of <
@ extend k into a maximal config. «’, that contains no cut-off

@ no more transition can be fired after ' (otherwise one of its
maximal events would be a cut-off)

@ so Mark («”) is a deadlock
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Model-checking applications, and complexity

Equivalently, there is a deadlock in N iff there exists some « that
can’t be extended to reach a cut-off.

Proof of <
@ extend k into a maximal config. «’, that contains no cut-off

@ no more transition can be fired after ' (otherwise one of its
maximal events would be a cut-off)

@ so Mark («”) is a deadlock
Proof of =
@ let M be a deadlock and « € O such that Mark (x) = M

@ there exists one such « that contains no cut-off (remove
cut-offs one by one, as in the completeness proof of a FCP)

@ this x can't be extended at all (otherwise M wouldn’t be a
deadlock)
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Model-checking applications, and complexity

Let « be a configuration in conflict with all cut-off events of O.
Let ¥ 3 k be a maximal extension of x in O. Then Mark («’) is a
deadlock.

Homework: does this characterize all deadlocks ?

@ checking the existence of deadlocks is also NP hard
@ there exist “graphical” methods on the FCP O
@ there exist as well methods based on the marking equation
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Next time...

@ An algebra on branching processes
@ Distributed computations based on branching processes
@ Application to distributed diagnosis
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