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TABLE 111
ADAPTATION
WITH 270 WORDS
Adaptation Data

Phoneme

Singleton

270 words

60.2%

78.4%

[9] L. E. Baum, “An inequality and associated maximization technique
in statistical estimation for probabilistic functions of Markov processes,” Inequalities, vol. 3, pp. 1-8, 1972.
[lo] E. A. Martin, R. P. Lippmann, and D. B. Paul, “Two-stage discriminant analysis for improved isolated-word recognition,” in Proc.
ICASSP, 1987, pp. 709-713.
[Ill V. N. Gupta, M. Lennig, and P. Mermelstein, “Fast search strategy
in a large vocabulary word recognizer,” submitted to J. Acoust. Soc.
Amer.

[12] R. Schwartz, F. Kubala, 0. Kimball, P. Price, and J. Makhoul, “Improving performance of phonetic hidden Markov models in a continuous speech recognition system,” presented at the IEEE Workshop
on Speech Recognition, 1988.

TABLE IV
FIRST-PASS
INCLUSION
RATES
Speaker
Models

Prototype

M1

M2

F

Full training
Adaptation
Cross-speaker

98.0%

98.0%
92.4%
39.6%

88.0%
84.5%
37.7%

93.2%
88, %
5.7%

Inference of k-Testable Languages in the Strict Sense
and Application to Syntactic Pattern Recognition
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TABLE V
WORDRECOGNITION
RATES
(TRIGRAM
LANGUAGE
MODEL)
Models

Prototype

M1

M2

Full training
Means + var
Means only

92.0%

91.8%
82.9%
76.5%

73.1%
67.5%
60.1 %

84.1 %
77.3%
59.1%

mance of VQ HMM’s trained with large amounts of data can be
improved if they are smoothed using an adaptation algorithm [12].
Smoothing is necessary, however, in estimating the covariance
matrices since the Baum-Welch estimates may turn out to be singular if there are not sufficient data. The method we propose for
adapting the covariance matrices clearly gives better results than
merely copying them from the prototype speaker, but it is not rigorous, and other approaches are possible; it would be interesting
to know more about this question.
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Abstract-The inductive inference of any language from the (general) class of regular languages, from only positive samples of this language, is well known to be an undecidable problem. However, it has
fortunately been shown that this is not the case for certain particular
subclasses of languages. This correspondence is concerned with the inductive inference of one of these classes, namely, the class of k-testable
languages in the strict sense (k-TSSL). A k-TSSL is essentially defined
by a finite set of substrings of length k that are permitted to appear in
the strings of the language. Given a positive sample R of strings of an
unknown- language, we obtain a deterministic finite-state automaton
that recognizes the smallest k-TSSL containing R. The inferred automaton is shown to have a number of transitions bounded by O(rn) where
m is the number of substrings defining this k-TSSL, and the inference
algorithm works in O(kn log rn) where n is the sum of the lengths of
all the strings in R. The proposed methods are illustrated through syntactic pattern recognition experiments in which a number of strings
generated by ten given (source) non-k-TSSL grammars are used to infer ten k-TSSL stochastic automata, which are further used to classify
new strings generated by the same source grammars. The results of
these experiments are consistent with the theory, showing as well the
ability of (stochastic) k-TSSL’s to approach other classes of regular
languages.
Zndex Terms-Learning, locally testable languages, regular grammar inference, syntactic pattern recognition.

I. INTRODUCTION
Grammatical inference (GI) is, in syntactic pattern recognition
(SPR),the learning or model estimation phase which is essential
to any proper approach to pattern recognition (PR). The scope of
grammatical inference (GI) is, however, strongly limited by two
fundamental results due to Gold. The first one establishes the undecidability of the problem of identifying any language in the limit,
using only positive samples from the language [ 141, even from the
simple class of regular languages. The second result, on the other
hand, seems to computationally limit the possibility of using negative samples for the inference of regular languages by establishing
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that the problem of finding a minimum deterministic finite-state
automaton, which accepts all the strings in a finite positive sample
and rejects all the strings in another finite negative sample, is NP
hard [15], [3].
From the point of view of SPR, the problem of inferring automata which represent classes of objects from given instances of
these objects is, however, of paramount importance since this
branch of PR should not be considered fully mature until the phase
of learning the models (automata) of the classes is well understood
and practical methods for carrying out this task are available. Given
the above results, one should therefore pessimistically consider the
possibility of ever achieving such maturity. In spite of this, the
problem of GI for SPR has, in fact, been tackled by a considerable
number of researchers 181, [IO], [161, [221, [201, 1171, [ I l l , 1331,
[26], [27], [25], [19], many of whose papers seem to ignore the
fundamental limitations stated above. It is worth noting that all the
GI procedures proposed in these papers: 1) only make use of positive samples, and 2) do not explicitly aim at identifying any language from any given class. Rather, these methods supply target
languages which represent just heuristic generalizations of the positive samples that are used and which, hopefully, produce acceptable practical results for the PR problems that are considered.
Clearly, this does not seem to be a very appealing framework, and
one ought to move towards more formal and/or general settings.
Fortunately enough, the results of Gold, although very severe
even with respect to the class of regular languages, say nothing
about the tractability of GI for some proper subsets of this class.
Consequently, one possible approach to the problem is to restrict
the inference to the appropriate subclasses of languages. Following
Angluin [6], the methods falling into this approach can be further
dichotomized into heuristic and characterizable, the latter differing
from the former in that the corresponding subclasses of inferred
languages are well-known classes and/or they are “well characterized.” Most of the GI procedures referred to above can thus be
classified as heuristic. On the other hand, although clearly most
interesting, characterizable methods are very scarce, and only a
few papers seem to have been published in this direction [4], [5],
[24]. Finally, a possible tradeoff between heuristic and characterizable methods is proposed in [12], which would enable those
problem-relevant features of the (possibly unknown) class of languages aimed at being inferred to be specified through appropriate
means.
This correspondence is concerned with a new characterizable and
efficient GI method. It is characterizable because the inferred
classes are the well-known classes of k-testable languages in the
strict sense (k-TLSS) [35]. Informally speaking, a k-TSSL is defined by a finite set of substrings of length k that are allowed to
appear in the strings of the language. Concepts which are more or
less related to k-TLSS’s have been widely used in information theory and also in practical PR. k-testable stochastic languages in the
strict sense are directly related to order-k Markov sources (see,
e.g., [I]), and the frequencies (probabilities) of occurrence of
substrings of increasing lengths have been utilized as successive
approximations to characterize natural languages [29], [30]. On the
practical side, these concepts have led to quite useful computer
programs for spelling correction, like the famous TYPO on UNIX
(see, e.g., [23]), and also to successful approaches to speech recognition [7] and phoneme-to-text (stenotype) transcription [9]. On
the other hand, the concept of an “N-gram” (which also comes
from the terminology of Markov sources) has been successfully
utilized in other practical PR systems, many of which are also related to speech and/or waveform recognition [18], 1261, [31], 1321.

11. LOCALLYTESTABLE
SETS
Let zk = ( E , I,, Fk, T k )be a four-tuple where C is ajnite alphabet, I k , Fk C _ U f ~ E‘
: are two sets of initial a n d j n a l segments,
respectively, and T & C k is a set of forbidden segments of length
k. A k-testable language in the strict sense (k-TLSS) is defined by
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the regular expression
1(&) =

([kc*)n (C*Fk) - ( C * T k C * ) .

(2.2)

The strings in 1 ( & ) can therefore by characterized as follows:
they 6tart with segments in I,, they end with segments in Fk, and
they do not have any segments of length k which is in Tk. An interesting subclass of k-TLSS is the class of 2-TLSS’s, which are
also referred to as local languages [28], [12]. On the other hand,
the class of all k-TLSS’s for any k is referred to as the class of
locally testable languages in the strict sense (LTLSS). The above
definitions of k-TLSS and LTLSS are quite similar to those of [21]
and [35], although they are conveniently adapted to include local
languages as a natural k = 2 case.
111. SMALLEST
k-TLSS CONTAINING
A POSITIVESAMPLE
Let R be a learning set (positive sample) and k L 1 . We can
uniquely associate a four-tuple & ( R ) = ( C ( R ) , z k ( R ) , F k ( R ) ,
T k ( R ) )with R as follows.

Ik(R) = { u l u U E R ,

(U1 =

U { x E R ( 1x1

k - 1, U E C ( R ) * }

<k

- 1)

(initial segments of length at most k - 1
of the strings in R ) .

F k ( R ) = { U ( u U E R , I U (= k - l , u E C ( R ) * }
U { x E R 1x1
~ s k - I}
(final segments of length at most k - 1
of the strings in R ) .

Tk(R) = C ( R f -

{U( ~ U W
E

R,

(U( =

k,

U,

w E C(R)*}

(segments of length k not appearing in the strings in R ) .

(3.1)
In the sequel, a k-TLSS l ( Z k ( R ) )will be denoted as lk(R). The
following results establish some important relations between R and
[13i.
Lemma 3.1: R G l k ( R ) vk 2 1 .
Theorem 3. I : l k ( R ) is the smallest k-TLSS that contains R .
Thoerem 3.2; Let R’ C R . Then l k ( R ‘ ) E l k ( R ) .
Theorem 3.3: Let k L 1. Then / k + I ( R ) c l k ( R ) .
Corollary3.1: Let k > maxXERIx1.Then l k ( R ) = R .
IV. INFERENCE
ALGORITHM
Based on the above construction, we propose the k-TSSI algorithm (shown in Fig. 1) for the inference of k-TLSS’s. The correctness of this algorithm is established by the following theorem
1131.
Theorem 4. I : Let R be a positive sample, and let Ak (k 2 2) be
the automaton obtained from R by the k-TSSI algorithm. Then lk(R )
= L(Ak).
From this theorem and ( 3 . l ) , we see that the automaton Ak inferred from R for a given value of k ? 2 accepts the smallest
k-TLSS containing R . Also, using Theorem 3 . 3 and Corollary 3.1,
we can see that, for a given sample R , increasing values of k produce increasingly restricted languages. Therefore, the proposed GI
algorithm permits a variety of solutions to a given inference problem to be obtained by changing the value of k from 2 to the length
of the longest string in R . These solutions supply languages which
span from the smallest local language (2-TLSS) containing R to
exactly R (Fig. 2).
The following examples illustrate the proposed method.
Example I : Let R = { aa, aba, abba, abbba} and let k = 2 .
Then & ( R ) = ( { a ,b } , { a } , { a } , I$).Also, if k = 3, then Z 3 ( R )
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Theorem 5.1 (Angluin, 1980); Let L I , &, . be an indexed
class of recursive languages such that, for every nonempty finite
set R C E*, the cardinality of the set C ( R ) = { L: R G L and L
= Li for some i } is finite. Then this class is identifiable in the limit
from only positive samples.
Given that the number of different four-tuples ( E , I, F, T) such
that C = E(R), I k ( R ) E I , F k ( R ) E F, T k ( R ) 2 T i s finite, the
set of different k-TLSS’s containing R is finite. From Theorem 5.1,
this implies that the class of k-TLSS’s is identifiable using only
positive samples.
Following this result and Theorems 4 . 1 and 3.1, it can be proved
that the proposed GI method is characterizable.
Theorem 5.2: The k-TSSI algorithm identifies any k-TLSS in
the limit from positive data.
Note that, despite this result, the class of locally testable languages in the strict sense (LTLSS) (k-TLSS for any k), as a whole,
remains unidentifiable in the limit from only positive presentation
sequences. However, the proposed inference algorithm can be effectively used to identify any language from this class in the limit
through a complete (both positive and negative) presentation sequence of the language [141. From Theorems 3.3, 4 . 1 , and 5.2,
this can be accomplished by starting with k = 2 and using successive positive samples to infer progressively larger (less restricted)
2-TLSS’s until a negative sample, which is incompatible with the
current language, appears. Then k is increased by one, and the process continues in the same way with the successive samples. Eventually, the correct value of k will be reached and then, following
Theorems 3.1 and 3.2, no other negative sample will ever be incompatible. The inferred language will then grow progressively
with the successive positive samples until the source k-TLSS is
exactly identified, thus effectively stopping the changes of the output automaton, which is precisely the condition assessing the identification in the limit [141.

Fig. 2. Range of languages which can be inferred with the proposed method
from a given positive sample R ( m = max,,, ( x 1 ).

VI. SIZE OF THE INFERRED
AUTOMATA
AND COMPLEXITY
OF
THE INFERENCE
ALGORITHM
Let Z k = (E, I k , Fk, Tk) be the fOUr-tUpk! which defines a
k-TLSS from which R has been drawn, and let T‘ = C k - Tk. It
follows from the k-TSSI algorithm that the maximum total number
oftransitionsofAkis161 = Ilol ) T ’ ( w h e r e Z o ={ u ~ E * : u u
E Ik, U E E * } . Therefore, since for nontrivial k-TLSS’s 1 Io 1 5
1 T’ 1, and since for every finite automaton I Q 1 5 1 6 I, we can
write

+

a

161 = O(IT’1);

IQ1

= O(lT’();

B

=

O(lE()

(6.1)

where B is the maximum number of transitions associated with any
state of Ak (“branching factor”). These bounds are given in terms
of the complexity of the language which is being inferred. This
com lexity can, in turn, be bounded for given k and E as 1 T’ 1 5
1 C 1I! , yielding

b

.

Fig. 3. Inferred automata fork = 2 and k = 3. The inferred languages are
a ( b*a)* and ab*a, respectively. Although not (always) minimal, the
inferred automata are reasonably small-in fact, they are bounded as
shown in Section VI.

= O ( ( C ( k - l ) ;B = O ( ( C ( ) .

(6.2)

In practice, however, the source language is not often (well)
known, and one would prefer the growing rate of the inferred automaton to be given as a function of only the size of the given
positive sample. In this case, following (3.1), one can readily ver= ( { a , b J ,{ u u , u ~ }{,u u , ~ u }{,~ , b } ~ - { ~ b ~ , ~ b b , b b ~ , b bifyb }that
) . i f Z k ( R ) = ( E ( R ) , &(I?), F k ( R ) , T k ( R ) )is the four-tuple
From Z2(R), Z3 ( R ) , and following the k-TSSI algorithm, we infer associated with R , then I E k ( R ) - T k ( R )1 5 n = EXER1x 1, and
the automata A2 and A3 shown in Fig. 3.
from (6.1), we have

v.

IDENTIFICATION IN THE LIMITOF LOCALLY
TESTABLE
LANGUAGES
I N THE STRICT SENSE
A characterization of the classes of languages that are identifiable from only positive samples in the limit is given in [4]. A sufficient condition is established by the following theorem.

It should be noted, however, that if the source language is really
a k-TLSS, the bounds (6.3) [and also (6.2)] can become rather pessimistic. This is because, as n gets larger, all the elements of E,
I,, F k , and T’ will eventually have already appeared in the strings
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Fig. 4. A sample of the strings involved in the experiments. The symbols represent: \I\ = front vowel, \U\ = back vowel,
\ N \ = weak sonorant, \S\ = strong fricative, \ Z \ = weak fricative, \T\ = stop or silence. \ ? \ = unreliable classification.

of R , and then the inferred automaton will, in fact, stop growing,
while the above bounds will not.
The time and space complexities of the inference procedure defined by (3. l ) and the R-TSSI algorithm are established by the following theorem.
Theorem 6. I: Let zk = (E,I k , Fkr T k )be a four-tuple defining
a k-testable language l ( Z k ) , let R C I ( & ) be a positive sample,
and let Z k ( R ) be the four-tuple associated with R . An automaton
Ak such that L ( A k ) = j ( z k ( R ) )can be inferred in o ( k n log m )
time, and can be represented using O(m 1 C 1 ) space where n =
C X E R ( x andm
I
= (E’- Tk(.
These bounds come from the fact that, by using the appropriate
linear data structures to represent the different sets involved in the
construction of Zk( R ) and At, the required set find-insert operations can be carried out in at most 0( k log m ) time [2], [131.
Several facts should be pointed out concerning the above bounds.
First, if the source language is not known, but it is known to be a
k-TLSS over the alphabet E,one may realize that m 2 ( C Ik, which
leads to an inference time bound in O ( k2n log ( E I ). On the other
hand, if nothing is known about the source language, one may see
that I Ck - T k ( R )I S n to obtain an inference time bound in o(kn
log n). In this case, however, the same remarks that have been
made above about the bounds (6.3) apply.
The class of k-TLSS’s is shown in [13] to be included in the
class of k-reversible languages [5]; consequently, the methods proposed in [5] could be seen as applicable for the inference of
k-TLSS’s. However, the time complexity of Angluin’s inference
algorithm is O ( n 3 ) ,and then, if the languages of interest can be
assumed to belong to (or to be conveniently approached by members of) the class of LTLSS’s, the methods proposed here can be
chosen with significant advantage over the (most general) methods
available for reversible languages.
VII. STOCHASTIC
EXTENSION
The proposed inference method can be straightforwardly modified to deal with direct inference of grammars rather than automata
[13]. Therefore, we can alternatively use automata or grammars at
convenience. For a stochastic extension, however, the latter seems
more adequate, given that probability estimation can be more properly formulated with grammars rather than with automata [161, [111.
Given that the inferred automata or grammars are unambiguous,
a maximum likelihood estimate of the probabilities of the grammar
productions can be straightforwardly obtained from their relative
frequency of use for the parsing of the strings in R [36], [37]. Furthermore, this estimation can be easily performed incrementally
and simultaneously with the inference procedure (see, e.g., [16]).
VIII. EMPIRICAL
TESTS
The GI method proposed in the previous sections has been implemented and applied to a pattern recognition task. The considered task is that of recognizing the class membership of strings
which are generated by ten source regular grammars, each representing a class. The classes correspond to the ten (spoken) Spanish
digits, and the strings are sequences of “microphonetic” broadphonetic labels. Details of such a representation can be found in
1341 and 1271. Fie. 4 shows a samDle of the strings that are used in

the experiments. The source grammars used to synthesize the
strings are exactly the same as those used in [27] to recognize natural spoken Spanish digits (i.e., strings directly obtained from real
speech signals). The reason for this way of obtaining the strings,
instead of directly using natural samples, is twofold. First, this
allows for large amounts of training samples to be obtained without
effort; such large amounts are required to empirically investigate
the asymptotical behavior of the proposed methods. Second, in this
way, the regularity of the considered samples is absolutely guaranteed since they are all, in fact, generated by regular grammars;
this prevents the results from being affected by the possible inadequacy of choosing regular languages as models of actually more
complex natural sources (speech). Note that, although the grammars used to generate the samples are of a certain particular type
[27], they are by no means guaranteed to generate k-TLSS’s, at
least for the small values of k which are used in the experiments.
Therefore, the results of these experiments can also be considered
as a measure of the ability of stochastic k-TLSS’s to approach other
classes of regular languages.
For each of the ten classes, the corresponding (nonstochastic)
source grammar was utilized to randomly generate 200 strings.
From these 2000 strings, 500 (50 from each class) were set aside
for testing (test set), and the F s t ( 150 from each class) were considered as positive samples R , i = 1, * * * , 10 (training set). Each
R was, in turn, divided into 30 disjointed subsets of five strings
each, and the grammatical inference process was carried out in successive steps, each considering an increasing number of such subsets. At the end of each step, the 500 strings in the test set were
submitted for recognition to each of the ten currently inferred
grammars G’, i = 1 ,
, 10. The inference was performed with
a stochastic version of k-TSSI as outlined in Section VII. Recognition was carried out with a very simple deterministic procedure.
However, in order to allow for the parsing of strings not exactly in
L( G’), a type of error-correcting trick was applied. It consisted of
allowing the use (with a very low probability, E = 0.001) of an
adequate “wild chart production” whenever the current input symbol cannot be parsed with the current production of G‘. This technique was found to reduce the rejection rate to zero, while leaving
unchanged the confusion rate for those test strings which actually
were in the language of some inferred grammar.
Fig. 5 shows the overall recognition error rate which was obtained for four values of k as a function of the size of the training
set. It is worth noting how the results improve dramatically from k
= 2 to k = 3. For other values of k (3, 4, and S ) , good results
(error < 2 % ) are obtained for training-set sizes of over 40 strings,
whereas for sizes greater than 100, recognition rates greater then
99.5% are obtained, reaching 100% for 150 samples and k = 4.
The complexity of the inferred grammars (or the corresponding
automata) is also shown in Fig. 5 in terms of the average (over the
ten classes) number of states inferred for each value of k as a function of the size of the training set. Note that this complexity is very
much smaller than the bound (6.3) ( O ( n ) , n = 40 ( R I for the
strings involved). In fact, the number of states appears to tend
asymptotically to a constant. For the higher values of k , however,
this constant is significantly smaller than the absolute bound (6.2)
for the corresponding value of k. This is explicitly presented in
Table I where the above asvmDtotic values are Dresented for several

-
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Fig. 5. Overall recognition error (right) and average complexity of the inferred automata (left) as a function of the size of the training set.
TABLE I
ASYMPTOTIC
AVERAGE
COMPLEXITY AND PERFORMANCEOF THE INFERRED
AUTOMATA
(T = THEORETICALBOUND;E
VALUE FOUNDEMPIRICALLY)
k=2
b 3
k=4 b5
-

sa.lrxx

-----%

10.8

0.4

values of k. In the same table, the corresponding values of the average branching factor are presented, which are also well below the
theoretical bounds. It is worth noting that the average complexity
of the original source grammers (or the corresponding equivalent
automata) was 105 states and the branching factor was about 2 . 2
[27], while for slightly higher values (127 states and a branching
factor of 2.3), perfect recognition is achieved with the inferred
automata. Furthermore, with significantly lesser complexity ( 4 2
states and a branching factor of 3), quite useful approximations
(recognition rate = 99.6%) can be achieved.
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