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1.1.1 Introduction

Particle In Cell (PIC) simulations have proven very efficient for the simulation of
particle beams in accelerators, in particular for low intensity beams. However, for very
intense beams as those needed e.g. for heavy ion fusion, their inherent noise and slow
convergence when the number of particles increases might not make them the most
efficient tool. This is why we have been investigating for several years now, direct
Vlasov solvers using a grid of phase space, based on the semi-Lagrangian method. This
method consists in following the particle trajectories backward from each grid point and
interpolating at the origin to update the particle distribution on the phase space grid [4].
Other types of eulerian Vlasov solvers have been investigated in [5]. Simulation of the
whole six dimensional phase space is not accessible yet with this approach. However a
lot of interesting physics can be obtained using the paraxial model [3,7], to study the
evolution of a slice in 4D transverse phase space. The particle distribution function f(t,
x, v), depending on time t, transverse position x=(x, y) and transverse velocity
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v = (vx,vy ), then obeys the paraxial Vlasov equation
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(E + v × B) ⋅ ∇ v f = 0, (1)

where 
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γ b = (1− (vb /c)
2)−1/ 2 , vb is the velocity of the beam, c is the velocity of light in

free space, m the mass of the considered particles and q their charge. Moreover the force
term F is given by
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F = E + (v,vb )
T × B ,

where E=(Ex,Ey) solves the 2D Poisson equation
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E = −∇φ,        
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−Δ xφ =
q
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f (z,x,v)dv∫ ,

and B is the magnetic focusing field, of the form 
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B = (− 1
2
B' (z)x,− 1

2
B' (z)y,B(z))  for

periodic solenoidal focusing and of the form 

€ 

B = (κ(z)y,κ(z)x,0) for magnetic
quadrupole focusing.

Recently we have been improving the parallel efficiency of our previous code based
on a uniform grid [10] and extending our 1D axisymmetric adaptive solver [8,9] to 2D
(i.e. 4D phase space). This letter is devoted to the assessment of these new solvers on a
relevant test case. In the next section, we shall recall the features of these solvers and
then we shall assess their performance for the transport of a beam in a magnetic
quadrupole channel.
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1.1.2 Description of the codes

Eulerian methods have proven their efficiency on uniform meshes in two
dimensional phase space, but when the dimensionality increases, since a minimum
number of points per direction is required to accurately describe the physics, the total
number of points on a grid becomes very important. Hence one issue to overcome this
problem can be the efficient use of parallel computing. On the other side, for
inhomogeneous systems, many of the grid points are wasted (where no particles are
present). This is especially the case for beam simulations, where the beam moves
rapidly through phase space (due to alternating-gradient focusing forces, for example).
For this reason, in order to tackle the 4D phase space problems we are interested in, new
methodologies had to be developed. First for codes based on a uniform grid, a parallel
method with good scalability on hundreds of processors was developed and then in
order to obtain en efficient adaptive solver a specific effort on sparse data structures was
needed.

Our previous Eulerian Vlasov Solvers where based either on global cubic spline
interpolation [4], or on flux exchanges with polynomial reconstruction [11]. The latter is
more dissipative and thus less adequate for beam transport over many lattice periods.
On the other hand the cubic spline solver has the drawback of needing a full transpose
of the distribution function at each split step. Even with specific implementation efforts
like the overlapping of computation and communications as much as possible, this does
not scale well over 100 processors. For this reason we developed a new version of the
code based on a novel local spline interpolation designed to give results very close to
those of the global spline interpolation [2]. Indeed, the phase space computational
domain is decomposed into patches; each patch is devoted to a processor and computes
its own cubic spline coefficients by solving reduced linear systems. Finally, some
boundary conditions are imposed at the boundary of the patches to get a C1 global
solution. This new code, LOSS (LOcal Spline Simulator), shows very good scalability
properties as expected.

Another aspect needed to handle a 4D phase space with Eulerian methods is grid
adaptivity. To this aim we developed an adaptive method based on wavelet
interpolation for 2D phase space [8,9]. The distribution function is decomposed on a
wavelet basis at different levels such that the coefficients called details are small where
the function does not vary a lot. Then, according to a prediction and a thresholding
procedure, only the significant details are computed. The distribution function can then
be determined on the corresponding adaptive grid. Even though the mathematical
method can be generalized to arbitrarily high dimensions, already for 4 dimensions, the
amount of data that need to be handled requires adequate optimized data structures [12].

The sequel is devoted to benchmarking and comparisons between the two new
Vlasov solvers: the uniform and massively parallel solver LOSS [2] and the adaptive
solver based on interpolating wavelets OBIWAN [12].

1.1.3 The benchmark test

We consider the transport of a transverse slice of a semi-Gaussian proton beam in a
magnetic quadrupole lattice using the paraxial Vlasov equation described in the
introduction. The magnetic focusing field is of the form 

€ 

B = (κ(z)y,κ(z)x,0). The initial
distribution function for the semi-Gaussian beam is

€ 

f0(x,v) = e−(vx
2 +vy

2 ) / 2 if 

€ 

x 2 + y 2 <1 and 0 elsewhere.
The beam parameters for all the simulations are the following: the energy of the beam is
equal to 6.7 MeV, the beam current I is 0.3 A, the emittance is 3 106 π mm mrad. The



7

length of the period is equal to 0.4196 m. These values give a tune depression of 0.56.
The beam is exactly matched to the focusing channel.

1.1.4 Simulation results

1.1.4.1 Code based on uniform mesh

We ran the LOSS code on a 642x1282 mesh for 26 periods and on a 1284 mesh for 6
periods. RMS values as well as phase spaces plots are displayed in Figures 1 to 5. The
numerical diffusion which amount to a loss of particles at the boundaries is kept to less
than 1 % over 26 periods as shown in Figure 1. This can be still improved when the grid
is refined. The phase spaces snapshots come from LOSS but look very similar for the
OBIWAN code.

Figure 1: Evolution of the normalized total number of particles

Figure 2: Evolution of xrms. and εrms.
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Figure 3: x-x’ phase space in the 25th  period on 642x1282 grid

Figure 4: x-y phase space on 1284 grid, after 4, 4.5, 5 and 5.5 periods

Jean-Louis, la dernière image me paraît curieuse qu’en penses-tu ?
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Figure 5: x-x’ phase space on 1284 grid, after 4.75, 5, 5.25 and 5.5 periods

1.1.4.2 Comparison of uniform grid code and adaptive code

The adaptive method we are using does not insure the exact conservation of the number
of particles. This feature can be added for a slightly higher computational cost.
However, as shown in Figure 6, the lack of conservation is very small and can be made
even smaller by setting a lower threshold for discarding the grid points.
The evolution of the xRMS for the different codes is given in Figure 7 and compared to
this of a KV beam showing the influence of the nonlinear effects. All the codes give
pretty much the same value and converge as the number of grid points is refined.
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Figure 6: Evolution of normalized total number of particles with uniform and
adaptive codes.
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Figure 7: Evolution of xrms at different resolutions with uniform and adaptive codes.

1.1.4.3 Computational and memory cost

Table 1 below gives the computation time for one time step and the speedup for the
two methods on a 644 grid. On the one hand, we notice that the computational cost of
the two solvers are comparable with a slight advantage for OBIWAN. On the other
hand, the speedup of the two methods is quite good, since communication-computation
overlapping is performed in the two codes.

Table 1: Computation cost and speedup for uniform and adaptive codes.

Numbers of processors 1 2 4 8

Time (in s.) LOSS/OBI 433/408 226/206 111/105 63/55

Speedup LOSS/OBI 1/1 1.92/1.98 3.9/3.88 6.87/7.41

Table 2 gives the time taken by the different steps of the algorithm for LOSS and in
different cases for OBIWAN, on a 1284 grid with a different number of remaining grid
points (which evolves during the simulation). Figure 8 displays the evolution of the
number of remaining grid points during the simulation. This number is very small
throughout the simulation for our test case.
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Table 2: Time in seconds for one iteration in 4D simulators on 4 processors (using
IBM 16-way nodes of power 5 processors)

Velocity
Advections

Space
Advections

Field
Computation Diagnostics Total

LOSS (1284) 38.1 84.9 1.0 1.0 125.1

OBIWAN (1284),
non-zero=2%, it=1,
threshold=10-4

12.4 16.4 0.3 0.4 29.5

OBIWAN (1284),
non-zero=9%, it=750,
threshold=10-4

44.1 57.8 0.3 1.0 103.2

OBIWAN (2564),
non-zero=0.75%,
threshold=10-4

49.8 70.1 1.1 2.0 123.0

Figure 8: Percentage of remaining grid points in a 2564 adaptive run.

The memory consumption is reduced considerably with the OBIWAN code versus
the LOSS code. For the test case with a 1284 grid, OBIWAN achieves to use only 0.9
GO memory, wheras LOSS uses 2.8 GO. A grid as large as 2564  requires 45 GO of
available memory for the LOSS code, but only 2.7 GO for OBIWAN.
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