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Abstract

In this second part, we carry out a numerical comparison between two Vlasov solvers,
which solve directly the Vlasov equation on a grid of the phase space. The two methods
are based on the semi-Lagrangian method as presented in Part I: the first one (LOSS) uses
a uniform mesh of the phase space whereas the second one (OBI) is an adaptive method.
The numerical comparisons are performed by solving the four-dimensional Vlasov equation
for some classical problems of plasma and beam physics. We shall also investigate the
speedup and the CPU time as well as the compress rate of the adaptive method which
are important features because of the size of the problems.

In the following sections, we present a comparison of numerical results obtained with the two
methods presented in the Part I in this volume for three different test cases. The two first tests
concerns the resolution of the four-dimensional Vlasov-Poisson equation whereas the last test
deals with the numerical resolution of a beam focusing problem by solving the four-dimensional
paraxial equation (see [2]).

1 The strong Landau damping

The Vlasov-Poisson problem is solved with the following initial condition

f0(x,v) =
1

2π
exp

(

−
v2

x
+ v2

y

2

)

(1 + α cos(kxx) cos(kyy)),

with kx = ky = 0.5 and α = 0.5 so that we consider nonlinear regimes. The size of the space
box is taken equal to [0, 4π]× [0, 4π], whereas each directional velocity is truncated to vmax = 6.
Finally, we are using a number of cell 1284 in the phase space and dt = 1/16.

Figures 1 show the time evolution of the logarithm of the electric energy for the two methods.
In both cases, we observe an exponential decrease of the amplitude of the electric energy up
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to t ≈ 10 ω−1
p

(with ω−1
p

the plasma frequency) with an accurate damping rate γ = 0.4. Then
the electric energy grows exponentially before saturating. This behaviour has already been
observed by many authors (see [1, 3]) and shows the good behaviour of the two methods.

2 The two stream instability

In this case, the initial data (see Figure 2-(a)) is given by

f0(x,v) =
1

12π
exp

(

−
v2

x
+ v2

y

2

)

(1 + α cos(kxx)) (1 + 5v2
x
),

with α = 0.05 and kx = 0.5. The phase space domain is [0, 4π]2× [−vmax, vmax]
2, with vmax = 9.

Finally, the time step is equal to 1/8 and the number of points is 128 per direction to take into
account the thin structures developped by the distribution function. In this case, it is expected
that an instability is created and grows rapidly; then a hole structure appears while some
trapped particles oscillate which make the vortex rotate. On Figures 4, the projections onto
the x-vx plan of the distribution function F (t, x, vx) =

∫

[0,4π]×IR
f(t, x, y, vx, vy)dydvy are plotted

for different times and for the two methods. Moreover, we plot the difference for comparison.
On the one hand, we observe that the two methods are able to follow the details of the solution
for large times. On the other hand, we notice that differences (the amplitude of which is about
10% at t = 36 ω−1

p
) between the two methods are created around the vortex. The differences

which occur in the strong gradients regions mainly come from the two diferent interpolation
operators used in the two methods.

Finally, we can observe on Figure 2-(b) that the conservation of the total mass is better
using the LOSS solver. The mass defect in the OBI solver is due to the adaptive method that
keeps only a subset of all grid points.

3 Beam focusing tests

This last section is devoted to the numerical resolution of the four-dimensional paraxial model,
which was derived to modelize beam focusing problems. Different types of external focusing
forces are used in accelerators for modeling purposes like uniform or periodic focusing fields, or
alternating gradient focusing fields. We propose to compare the methods solving a Gaussian
beam focused by a uniform electric field. The amplitude of the applied electric field is computed
solving an envelope equation such that self-consistent and applied forces are well balanced.
Thus, using the concept of equivalent beam, we can focus a Gaussian beam by the same
matching forces used to focus the equivalent KV beam (see [2]).

The beam particles has been given by a Gaussian distribution function

f0(x,v) = exp

(

−
x2 + y2 + v2

x
+ v2

y

2

)

,

where x and v live in [−6, 6]2 and the x-vx projection of which is plotted on Figure 3-(a). The
number of points is equal to 128 in each direction and the time step is dt = 0.0064.
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The emittance of this proton beam is 23.5 mm mrad, its current is equal to 0.1 A, and its
energy is 5 MeV . The length of the period is equal to T = 2 m; these physical parameters give
a tune depression of 0.7.

Snapshots of the x-vx projection of the distribution function are displayed on Figures 5
using the two solvers as well as the difference between each other. In this context, the results
of the two methods are very close since the amplitude of the difference does not exceed 0.2% at
the second and third period (that corresponds to 220 iterations). As observed in the previous
test, the differences occur in regions where the gradients of f are strong. We also plot the Xrms

quantity (where rms stand for Root Mean Square) on Figure 3-(b) (see [2] for the definition
of Xrms quantity). We notice that the two curves are oscillating around the Xrms quantity
associated to the KV stationary solution (the Xrms quantity of which is equal to 1). This
behaviour is due to the fact that the present beam is not exactly a steady state distribution,
so that it is not in local force balance with the external uniform electric field. Moreover, we
notice that the two curves are very close each other, even if the amplitude of the oscillations
seems to be slightly stronger for the OBI solver.

Comparison of the computational cost. For this test case, we give in Table 1 below
the time of computation for one time step and the speedup for the two methods. On the one
hand, we notice that the computational cost of the two solvers are comparable with a slight
advantage for OBI. To be interesting enough, the adaptive method needs to be much faster than
LOSS which can be hoped since the adaptive solver is not fully optimized. On the other hand,
the speedup of the two methods is quite good, since communication-computation overlapping
is performed in the two codes.

Numbers of processors 1 2 4 8
Time (in s.) LOSS/OBI 433/408 226/206 111/105 63/55

Speedup LOSS/OBI 1 1.92/1.98 3.9/3.88 6.87/7.41

Table 1: Speedup for the beam focusing test case using the LOSS and OBI solvers. The experi-

ments were conducted on an IBM Regatta machine Power5 processors. The results corresponds

to 1284 points in the phase space during one time step.

Compression rate for the OBI solver. Finally, for the three test cases, we plot on
Figure 6 the percentage of points kept in the adaptive method. It seems that the method is
well suited for beam focusing test since less than 5 % of points are kept.
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