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Abstract

In this paper we present a novel interpolation technique for Vlasov simulations of intense space charge dominated

beams. This new technique enables to localize the cubic spline interpolation generally performed in semi-Lagrangian

Vlasov codes and thus to improve the scalability of the parallel version. This new method is applied to the propagation

of a potassium beam in a periodic focusing channel.
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1. Introduction

The Vlasov equation describes the evolution of a
system of charged particles under the effects of self-
consistent and external electromagnetic fields. The
unknown f is a distribution function of particles in
the phase space which depends on the time t ≥ 0, the
physical space x ∈ IRd and the velocity v ∈ IRd, where
d is the dimension d = 1, 2, 3. This kind of model can
be used for the study of beam propagation for exam-
ple.

The numerical resolution of Vlasov type equations,
the solution of which depends at least on 6 variables
plus time, is performed most of the time using particle
methods (Particle In Cell methods) where the plasma
is approached by a finite number of macro-particles
[1]. Even if these methods give satisfying results with
relatively few particles, for some applications however,
it is well known that the numerical noise inherent to
the particle methods becomes too significant. Conse-
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quently, methods which discretize the Vlasov equation
on a phase space grid have been proposed (see [4,3])
for plasma and beam physics applications.

Among these Eulerian methods, we are interested in
the implementation of the semi-Lagrangian method;
it consists in updating the values of the distribution
function at the nodes of the grid by following the char-
acteristics ending at these nodes backward and inter-
polating the value at the bottom of the characteris-
tics from the known values at the previous step. Sev-
eral interpolation techniques can be employed. Eule-
rian methods have proven their efficiency on uniform
meshes in two dimensional phase space, but when the
dimensionality increases, the number of points on a
uniform grid becomes very important which makes nu-
merical simulations challenging. Hence, it seems cru-
cial to implement parallel simulators in order to de-
crease the computational cost.

This work is devoted to the parallel implementa-
tion of the semi-Lagrangian method by using a cubic
splines interpolation method. Even if cubic spline in-
terpolation seems to be a good compromise between
accuracy and simplicity, it does not provide the lo-

Preprint submitted to NIMA 31 August 2006



cality of the reconstruction since all the values of the
distribution function are necessary to reconstruct f in
each cell. To overcome this problem of global depen-
dency, we decompose the domain into patches, each
patch being devoted to a processor. One patch com-
putes its own local cubic spline coefficients by solving
reduced linear systems. Some adapted boundary con-
ditions are imposed at the interface of the patches to
obtain a C1 global resolution which is quite close to the
sequential resolution. Moreover, thanks to a restric-
tive condition on the time step, the inter-processor
communications are only done between adjacent pro-
cessors, which enables us to obtain competitive results
from a scalability point of view up to 64 processors.

The sequel of this work is organized as follows. First
we are going to recall the semi-Lagrangian method
for the numerical resolution of the Vlasov equation.
Then we shall present our local spline interpolation
scheme, and finally we shall apply it to the transport
of a Gaussian potassium beam in a periodic focusing
channel.

2. The Vlasov equation and its numerical

resolution

The evolution of the distribution function of par-
ticles f(t, x, v) is given by the dimensionless Vlasov
equation

∂f

∂t
+ v · ∇xf + F · ∇vf = 0, (2.1)

where F is the force field, which can depend on f .
We can define the characteristic curves of the Vlasov
equation as the solutions of the following first order
differential equation

dX

ds
= V,

dV

ds
= F(s, X(s), V (s)), (2.2)

with the initial conditions

X(t) = x, V (t) = v. (2.3)

We denote by (X(t; s, x, v), V (t; s, x, v)) the posi-
tion in the phase space at time t, of a particle
which was in (x, v) at time s. This means that
t 7→ (X(t; s, x, v), V (t; s, x, v)) is the solution of (2.2)
with initial conditions (2.3). Then the solution of the
Vlasov equation is given by

f(t, x, v) = f(s, X(t; s, x, v), V (t; s, x, v))

= f0(X(0; s, x, v), V (0; s, x, v)),

where f0 is a given initial condition. This prop-
erty allows us to present the principles of the semi-
Lagrangian method. If we define a finite set of mesh

points (xi, vj) to discretize the computational do-
main, the resolution of (2.2) between tn and tn+1

gives us the new value of the distribution function f
at the mesh points (xi, vj)

f(tn+1, xi, vj)

= f(tn, X(tn; tn+1, xi, vj), V (tn; tn+1, xi, vj)).

Hence, for each time step and each mesh point, the
distribution function is updated in the two following
steps

(i) Find the bottom of the characteristic ending at
(xi, vj) : (X(tn; tn+1, xi, vj), V (tn; tn+1, xi, vj)).

(ii) Compute

f(tn, X(tn; tn+1, xi, vj), V (tn; tn+1, xi, vj))

by interpolation.
In the code where the distribution function depends

on space (x, y) and velocity (vx, vy), a classical split-
ting strategy is adopted. For the resolution of the 4-
dimensional Vlasov equation, we successively make 1-
D advections; let us denote by x̌ the advection with
respect to the x variable (according to the steps 1 and
2), our algorithm can be written as follows :
(

1

2
v̌x v̌y

1

2
v̌x

)

x̌ y̌

(

1

2
v̌x v̌y

1

2
v̌x

)

x̌ y̌ ...

As the force term may depend on vx and vy, one has to
use a classical Strang splitting of order 2 to accurately
solve the velocity advections. The linear advections
in space are well discretized thanks to a first order
splitting.

3. The local spline interpolation

In this section, we present our interpolation tech-
nique based on a cubic spline method [4]. Let us con-
sider a function f which is defined on a global domain
[xmin, xmax] ⊂ IR. This domain is decomposed into
several sub-domains called generically [x0, xN ]; each
sub-domain will be devoted to a processor. In the fol-
lowing, we will use the notation xi = x0 + ih, where
h is the cell size: h = (xN − x0)/(N + 1).

Let us now restrict the study of f : x 7→ f(x) on
an interval [x0, xN ], N ∈ IN, where x0 and xN are
to be chosen, according to the decomposition of the
computational domain. The projection s of f onto the
cubic spline basis reads

f(x) ≃ s(x) =

N+1
∑

ν=−1

ηνBν(x),

where Bν is the cubic B-spline (see [4]). The inter-
polating spline s is uniquely determined by (N + 1)
interpolating conditions
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f(xi) = s(xi), ∀i = 0, ..., N, (3.4)

and the Hermite boundary conditions at both ends of
the interval in order to obtain a C1 global approxima-
tion

f ′(x0) ≃ s′(x0), f ′(xN ) ≃ s′(xN ). (3.5)

The only cubic B-spline not vanishing at point xi are
Bi±1(xi) = 1/6 and Bi(xi) = 2/3. Hence (3.4) yields

f(xi) = 1/6 ηi−1 + 2/3 ηi + 1/6 ηi+1, i = 0, ..., N.

On the other hand, we have B′
i±1(xi) = ±1/(2h), and

B′(xi) = 0. Thus the Hermite boundary conditions
(3.5) become

f ′(x0)≃ s′(x0) = −1/(2h) η−1 + 1/(2h) η1,

f ′(xN )≃ s′(xN ) = −1/(2h) ηN−1 + 1/(2h) ηN+1.

Finally, η = (η−1, ...ηN+1)
T is the solution of the (N +

3)× (N +3) system Aη = F , where F is the following
vector

F = [f ′(x0), f(x0), ..., f(xN ), f ′(xN )]
T

,

and A denotes the following fixed matrix

A =
1
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A classical LU algorithm is used to solve the linear
system.

Approximation of the interface derivatives

In order to get accurate numerical simulations (in
a sense that we recover in the best possible way the
sequential results), one has to take care of the ap-
proximation of the derivatives at the interface of the
sub-domains. Various approximations have been im-
plemented but in order to recover the approximation
of these interface derivatives obtained by a classical
global cubic splines interpolation, we derive a new
formula to evaluate f ′(x0) and f ′(xN ). We recover a
good approximation using a centered approximation
of 15, 21, 37 points; the choice of 21 points offers ac-
curate numerical results and reads

f ′(xi) =

j=10
∑

j=−10

ω̃jfi+j =

j=−1
∑

j=−10

ω̃−

j fi+j +

j=10
∑

j=1

ω̃+

j fi+j ,

(3.6)

where the coefficients ω̃j, j = −10, ..., 10 are summa-
rized in table 1. We refer the reader to [2] for the de-
tails of the obtention of approximation (3.6). Let us
remark that ω−

j and ω+

j are computed once for all and

that ω̃+

j = −ω̃−

−j.

ω̃
−

−10
ω̃
−

−9
ω̃
−

−8
ω̃
−

−7
ω̃
−

−6

0.22143E-5 -1.77144E-5 7.97151E-5 -3.01146E-4 1.11379E-3

ω̃
−

−5
ω̃
−

−4
ω̃
−

−3
ω̃
−

−2
ω̃
−

−1

-4.14518E-3 0.01546474 -0.05771377 0.21539034 -0.80384758

Table 1

Coefficients ω for the approximation (3.6).

4. Numerical results

We present some numerical experiments applied to
beam focusing problems. The 4-D Vlasov paraxial
model is implemented with a Gaussian beam as initial
condition; we compute the periodic electric field to fo-
cus it. In the following figures, the number of points
is 64 in x and y, whereas the 2-D velocity domain
(vx, vy) is decomposed into 4 processors, each proces-
sor containing 32× 32 points. The beam is composed
of potassium ions and its tune depression is equal to
0.56 ; the number of period in the channel is 4 and
the length of one period is T = 0.57 (see [3] for more
details).

We present the projection onto the (x, vx) plane at
initial time, at t = T/4 and t = 3T/4, where T is the
period of the applied periodic electric field. The time
step is equal to dt = 0.0077 and the time computation
is about one hour. On the other hand, figure 4 shows
a plot of the Xrms quantity

Xrms =

(

1

N

∫

x2f(x, y, vX , vy)dxdydvxdvy

)1/2

,

with N =
∫

f(x, y, vx, vy)dxdydvxdvy the number of
particles. We observe an oscillatory behaviour with
a period equal to the period T of the applied elec-
tric field. Finally, some speedup results show the good
scalability of each step of the method (using a grid of
5122 × 322) up to 64 processors.
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Fig. 1. Time evolution of the Xrms quantity.
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