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Abstract—Word-length optimization provides opportunities for
minimization of implementation cost metrics such as power, area
and delay. The constraints on cost in case of implementation
on miniature embedded systems platforms continues to grow
more stringent. Implementation of complex systems such as
wireless communication transceivers is known to greatly benefit
from optimal word-lengths. However, WL optimization of such
complex systems poses a NP hard combinatorial problem. In line
with a divide and conquer technique already explored, this paper
proposes to study the probability density function of quantization
noise at the output of an arithmetic operator based system.
The proposed technique is based on clustering of noise sources
according to their power using Kurtosis of the total noise as
the clustering criteria. It is noted in this paper that the noise
PDF becomes important only at the un-smooth boundaries in
the system. The proposed technique is tested on a synthetic 32
tap FIR filter and on a MIMO algorithm. Results obtained show
a marked improvement in the behavior of analytical model with
the use of the proposed density distribution shaping algorithm.

I. INTRODUCTION

Design of modern day electronic gadgets are driven by
miniaturization and multi functionality. Such design goals
impose strict constraints on power consumption and cost
of implementation, making the use of fixed-point arithmetic
for implementation of signal processing algorithms essential.
Studies have shown that as much as 50% of the total design
time is spent performing refinement of fixed-point formats on
modern industrial embedded designs [1]. Optimizing word-
lengths is an iterative process consisting of Performance
Evaluation, which quantifies the loss in performance due to
finite arithmetic and Cost Evaluation, which calculates the
system implementation cost for a given set of fixed-point
word-lengths.

The process of word-length optimization has two major
issues which requires attention. First, given that the nature
of word-length optimization problem is NP-hard [2], the time
taken to explore the design space grows exponentially with
increasing number of optimization variables (WD). Second,
the increasing size of the design and the use of un-smooth
operators such as decision-making operators, saturation and
overflow operators makes it hard to derive analytical expres-
sions for the purpose of performance evaluation (λ(WD)).
Simulation is used to analyse performance when analytical
model is not available and the use of simulation in the
optimization process proves to be a bottleneck in the fixed-
point refinement process due to the long execution time.

Operators used in the systems are classified as smooth or un-
smooth operators. Un-smooth operators exhibit discontinuity
at the output and hence are different from smooth operators.
While arithmetic operators are examples for smooth opera-
tions, effects such as saturation and overflow are examples for
un-smooth operations. The analytical models proposed so far
are applicable for smooth operators. Presence of un-smooth
operators forces the use of simulation.

A hybrid approach to accelerate simulation performance
with analytical techniques is proposed in [7] for systems con-
taining both smooth and un-smooth operators. In the proposed
technique, the smooth operators are handle analytically, the
quantization noise statistics are obtained from analytical model
is used to simulate the un-smooth operators. The analytical
modeling is performed with the single noise source abstraction.
The single noise source model also makes it possible to adopt
a divide and conquer strategy for the growing word-length
optimization problem size as proposed in [6].

To effectively use the proposed techniques for be it for
simulation acceleration or divide an conquer, it is imperative
that the characterization of quantization noise for the single
noise source model be accurate. The noise statistics consists
of calculating noise power, determining the noise spectrum and
estimating the noise probability density function(PDF). In this
paper, the single noise source model is further improved upon
to accurately characterize the shape of the quantization noise
PDF. The next section provides the relevant previous work
and motivates the need for studying the Q-noise distribution.
In section III, a clustering technique is proposed to shape the
density function of output quantization noise. In section IV,
two case studies one with a synthetic FIR filter and the
other for the V-BLAST algorithm with decision operators are
presented. Section V concludes the paper with concluding
remarks.

II. MOTIVATION AND PREVIOUS WORK

Fixed point refinement essentially attempts to minimize the
cost function C(WD) subject to the constraint that perfor-
mance λ(WD) is at least as good as λobj for a system
with WD different wordlengths. The word-length vector WD

is the fixed point formats assigned to different signals in
the system. The cost function is often approximated with
a simple energy function and is found to be satisfactory.
Performance evaluation, on the other hand proves to be a



bottleneck as it either involves long simulations or requires
a complete understanding of the system specific function to
derive analytical models.

Fig. 1. Abstraction with Single Noise Source Model

A divide and conquer approach which uses the sub-system
quantization noise power as the optimization variable has been
proposed in [6]. This approach addresses both optimization
complexity and the performance evaluation issues. The fixed-
point refinement problem is redefined as

min (C (P)) subject to λ (P) ≥ λobj (1)

where P = [P1, P2, . . . , PNb
] is a vector of quantization

noise powers generated in the Nb sub-systems. Pi is the noise
generated at the output of the ith sub-system Si.

At the heart of the proposed divide and conquer technique
is the single noise source model. The idea behind single noise
source model is to have an analytical equivalent model for
to mimicking the fixed-point behavior of any subsystem Si

by a single noise source by at the output of the subsystem
as shown in the Figure 1. The formulation proposed with
regard to this model is applicable only to systems with smooth
operators. Therfore, it is important that the single noise source
model capture both the noise spectral density and the noise
distribution characteristics of quantization noise at the output
of the sub-system so as to faithfully represent the fixed-point
effects.

Using noise power alone to capture fixed-point effect is
sufficient for treatment of those systems that are neither fre-
quency selective nor contain any un-smooth operator. Systems
with memory (or delay) elements are frequency sensitive and
the noise spectral characteristics determine the noise power
transmitted through such frequency selective systems. An
in depth analysis of spectral modeling issues are addressed
in [5] for smooth operators based sub-systems including
non-linear and time-varying stationary systems. Arithmetic
operators display un-smooth behavior at the boundary values
commonly referred to as saturation or overflow. Unsmooth
operators such as decision making operators are a part of
many communication algorithms. Such un-smooth operators
are typically very sensitive to input noise at the boundaries of

discontinuity. In fact, an analytical model to handle simple
cases involving un-smooth operators depends on the input
noise probabilities [9] and hence Probability Density Function
(PDF). In [4], a new method based on partial simulation to
treat errors due to quantization at the input of un-smooth
boundaries is proposed. Analytical techniques that can handle
all the complexities with regard to un-smooth operators do not
exist. Hence, the presence of un-smooth operators forces the
use of simulation for the purpose of performance evaluation.

The single noise source model for every subsystem Si

comprises of components as further detailed in Figure 1. A
generation filter which is responsible for capturing the quanti-
zation noise generated within the subsystem. The noise power
bg associated with this can be obtained by analytical technique
by the technique proposed in [8]. The noise transmission filter
is similar to the generation filter but used for the treatment of
input quantization noise.

It is known that the noise due to quantization has uniform
distribution and is modeled with the popular Widrow quanti-
zation model [10]. In [8], the output noise is a parameterized
with α ∈ [0, 1] as the sum of Gaussian (bG) and Uniform (bU )
random variables given as

bout = (αbG + (1− α)bU ). (2)

This model is useful in cases where the contribution of noise
at the output by all quantization noise sources have nearly the
same strength. A limitation of this model is that it cannot
handle cases when there are several dominant, isolated noise
sources with large power. Also, there is no analytical technique
proposed to determine the parameter α.

This paper extends the noise PDF model in Equation 2 such
that the output noise PDF shape is closer to the actual for any
smooth operator based signal processing system. The work in
this paper identifies that the output quantization noise source
can be regarded as a sum of several uniformly distributed
random variables. A simple algorithm to cluster the noise
sources by considering the noise power of these individual
uniform noise sources is described to obtain the noise PDF
with the proposed characteristic model.

III. SHAPING THE OUTPUT PROBABILITY DENSITY
FUNCTION

A. Linear combination of Uniform noise sources

The model in [3], which is based on perturbation theory
uses a linear model for noise propagation to compute the
total output noise power. Every noise source (bgj ) which is
distributed uniformly, passes through a path function (Hj) to
reach the output. The shape of the distribution is preserved
if the path gain is a constant but changes according to the
impulse response and the signal flow graph topology if the
path is frequency selective. The total noise at the output by(n)
is given as

by(n) =
N∑

j=1

Mj∑
k=1

hj(k)bgj
(n− k) (3)



where, hj(k) is the impulse response which can be time
varying in case of non-LTI system of the jth noise source to
the output. Mj is the length of the impulse response of Hj .
Impulse response can be infinite in practice but tends towards
zero for stable systems. Hence it is possible to approximate
the infinite response by considering a long enough length of
the response. N is the number of quantization noise sources
contributing to the total noise. The noise at the input and the
output of the delay element are not correlated with each other.
The path gain considering one delay path at a time is a constant
and hence the PDF shape of the random variable is preserved
when noise propagating through each of the delay elements is
considered separately. Thus, the expression for total noise in
Equation 3 can be written in terms of uniformly distributed
noise Uj,k as

by(n) =
N∑

j=1

M∑
k=1

Uj,k (4)

Where Uj,k = hj(k)bgj
(n−k), the product of the path gain

corresponding to the kth delay. It is to be noted that the uni-
form noise sources Uj,k are not independent but uncorrelated
with one another.

B. Noise distribution shaping and Clustering

The sum of noise variables Uj,k is the quantity that needs
to be shaped. When a large number of random variables are
added, it is expected that the result is Gaussian. When it
is not the case, the approach is to identify those uniform
noise components that cause the shape of the PDF change
from being a Gaussian. Different tests can be used to check
if the PDF is a Gaussian. One such test: Kurtosis which is
simple to compute is used in this paper. The methods that
involve moment computation is preferred as the moments can
be analytically computed. It is noteworthy that the idea is to
have a close enough approximation to a Gaussian. A threshold
is defined and a subset of noise sources is identified as a
cluster which adds up to give the PDF closest to being a
Gaussian. The noise sources outside of the Gaussian cluster
are added separately to the total noise expression. The total
noise expression can be written as

by = bG +
∑

bUi
(5)

where bG is the Gaussian noise whose characteristics are
derived by application of the Central Limit Theorem on the
cluster and each bUi is the noise source that is not a part of
the subset.

Algorithm 1 begins by considering all noise sources in the
system to be a part of the cluster. It is possible to neglect
noise sources whose power is too small thereby reducing
the computation effort. The source with maximum power is
removed and the Kurtosis computed again. This is performed
iteratively until the Kurtosis test throws up a value which is
in the threshold boundary of the nominal value V (= 3). The
boundary is defined by ε on either side of the nominal value.

Algorithm 1 Clustering Noise Sources
Represent system as a signal flow graph: G(V,E)
Identify Noise Sources bgj

Calculate hj , the transfer and noise power for each noise
source to the output
Let C = {b1, b2, ...bN} and I = {}
while Kurtosis(

∑
C) /∈ (V − ε, V + ε) and C 6= {} do

bmax = Max(C)
C = C − bmax

I = I + bmax

end while
bG =

∑
C

bUi
= each element of I

The value of ε is chosen according to the precision demanded
by the system.

IV. EXPERIMENTS

A. Case Study 1: FIR filter

1) Choice of ε: A synthetic 32-tap FIR filter is considered.
According to the model given in Equation 5, uniform random
variables with 32 different powers need to be added at the
output of the filter. An FIR filter with four different large
coefficients is chosen while the rest of the coefficients are
small and nearly the same. Figure 2 shows the evolution of
Kurtosis as the noise sources are removed from the cluster. The
ε value of 0.1 is chosen. The algorithm stops at the 5th iteration
when the Kurtosis value becomes 2.96. The experiment is
continued further by removing all the noise sources one by one
and computing the Kurtosis value. As expected, when a large
number of noise sources with identical distribution contributes
to a better Gaussian.

Fig. 2. Evolution of Kurtosis as all noise sources are removed from the
cluster one-by-one

2) Results: Hence, the clustering algorithm is shown to
work well and the expression for total noise in Equation 5
is a good representation of the total noise. To use this
expression, the Gaussian parameters are calculated once the
cluster is identified and only a few convolution operations
are performed to obtain the final PDF shape. The noise PDF
obtained by simulation and by the clustering approach are
shown in Figure 3. Two artefacts can be observed directly
from this figure. Firstly, the shape of the total noise obtained
by simulation and by convolving the PDF obtained from the



Gaussian cluster with the independent noise sources is seen to
be matching very closely. Secondly, the shape of the Gaussian
cluster is closely matching with the Gaussian shape. A third
subtle inference can be made by comparing the total noise
shapes with the Gaussian shape. If the Gaussian assumption
is made disregarding the actual shape, from the plots it is clear
that the error rates can differ widely. Hence emphasizing the
need for accurate shape determination.

Fig. 3. Computing PDFs obtained analytically and by simulation

B. Case Study 2: MIMO Decoding

Use of MIMO detectors has become ubiquitous in recent
wireless communication standards such as 3GPP-LTE, Mobile
WiMAX and IEEE802.11x. The linear detection and maxi-
mum likelihood detection are two extremes for implementation
of the MIMO decoding procedure. V-BLAST algorithm [11]
is the earliest for algorithm used for detection in the MIMO
case. The transmitter with NT antennas transmits a vector
of symbols of length NT . The symbols are sourced from a
QAM (quadrature-amplitude modulated) symbol constellation.
The V-BLAST algorithm determines the transmitted symbol in
the receiving end consisting of NR antennas. The transmitted
symbols are decoded at the receiving side by determining
the symbol statistics progressively. The signal flow graph
in Figure 4 represents the flow of signals in the V-BLAST
algorithm. Each slicer decodes the output corresponding to
one antenna. Since the symbols transmitted are decoded one
after another and an error earlier on in this chain can affect
the symbols detected later.

1) Using the Single Noise Source Model: The path from
the fourth antenna (block B4) to the first (block B1) consists
of several arithmetic computations. The arithmetic blocks
can be grouped together and the quantization noise can be
modeled with the help of single noise source model. The
decision operators at the output of every arithmetic cluster
essentially act as boundaries for determining the arithmetic
clusters. Linear noise propagation model as described in [8]
is used to obtain the noise power of each arithmetic block.
None of the clusters have memory elements and therefore the
output quantization noise in case of all clusters is white in
noise density spectrum.

2) Choice of ε: The block B4 consists of one quantization
noise source corresponding to y4 and PDF shaping is hence
trivial. Other clusters that follow consists of multiplication and
addition operations which can contribute noise with different

Kurtosis Values
Ch.SNR
(in dB) B4 B3 B2 B1

19 1.79 2.42 2.63 2.69
21 1.79 2.43 2.60 2.70
23 1.81 2.4 2.60 2.70
25 1.81 2.4 2.58 2.69

Avg. 1.8 2.41 2.60 2.70
Ind. R.Vs 1 3 5 0

Gauss. R.Vs 0 0 0 7

TABLE I
KURTOSIS AND CLUSTERING FOR EACH SMOOTH BLOCK

scaling. The last two rows in the table I gives the number of
independent noise sources and the number of noise sources
in the Gaussian cluster. In case of block B1, the table
indicates that there is just one Gaussian cluster consisting
of 7 independent noise sources. Although the total number
of variables that add up even in the case of cluster B1 are
small to say that the resulting output random variable could
be a Gaussian in the strict sense. By making the choice of
ε = 0.3, the idea of shaping is demonstrated by the fact
that the previous clusters are less Gaussian and hence require
separate uniform random variables for accurate simulation.
Indeed, depending upon the strictness of the threshold (ε)
in the proposed Algorithm 1 a boundary around which the
PDF can be classified as a Gaussian or not can be drawn. In
other words, threshold determination can be seen as a trade-
off between the accuracy of the single noise source model and
the quality of optimization. Tighter the threshold, better is the
accuracy but at the expense of increased number of random
number generation.

3) Performance Evaluation: As discussed in section II,
the single noise source model is mean to be an analyti-
cal alternative to simulation for the purpose of estimating
performance degradation. Clustering the arithmetic operators
together enables a mixed approach for simulation. In the
mixed simulation model, analytical models provide the q-noise
statistics at the input of the un-smooth operator boundaries.
The noise statistics is used to simulate the unsmooth operator.
Thus, saving time on simulation of arithmetic operators. More
about this technique is detailed in the paper [7].

4) Results: The simulations were executed at high channel
noise conditions owing to the fact that lower BER requires
longer simulations. These experiments are enough to see the
trend and illustrate the facts.

As it can be seen from Table I, the Kurtosis value for
arithmetic blocks B1 is the closest to 3. For the purpose
of illustration of the proposed technique, the betterment of
Kurtosis value obtained from B4 thru B1 is important even
though they do not qualify for a Gaussian in the strict sense.
The table indicates the fact that the q-noise kurtosis remains
stable across different channel conditions and as the number
of random variables contributing to the output noise increase,
the Kurtosis value reaches closer to 3 in case of the V-BLAST
algorithm. This throws light on the fact that assuming the
output variable as Gaussian is no longer correct and it requires
accurate characterization of the PDF shapes.
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Fig. 4. MIMO decoding: V-Blast data flowmodel and associated smooth blocks

6 Bits 8 Bits
Ch.SNR Diff. Diff. Diff. Diff.
(in dB) FP Gaussian Shaped Gaussian Shaped FP Gaussian Shaped Gaussian Shaped

19 15709 15674 15716 35 7 15712 15678 15697 34 15
21 10124 10121 10100 3 24 10103 10110 10105 7 2
23 5508 5490 5489 18 19 5505 5498 5502 7 3
25 2180 2165 2165 15 15 2142 2154 2163 12 21

Max
Error 35 24 32 21

TABLE II
EFFECT OF GAUSSIAN PDF VS. SHAPED PDF WITH RESPECT TO TOTAL ERRORS

The total number of errors obtained for BER calculation is
shown in the Table II. The values in the table indicate that
the deviation from fixed point simulation are larger in some
cases. This result has to be seen keeping in mind the ε value
of 0.3 itself is a bad approximation. These deviations from the
expected behavior reduce with increasing number of simula-
tion points and with realistic shaping of the arithmetic block
B1. In spite of these inadequacies, the maximum deviation in
the BER curves for both 6-Bit and 8-Bit BER curves tend to
follow the floating point BER curve better when shaping of
the noise PDF is used.

V. CONCLUSION

This paper explores the need for better approximation of the
probability density function (PDF) of the output quantization
noise for a given arithmetic system. The study is motivated
by the fact that un-smooth behavior of certain operators and
presence of certain explicitly un-smooth operators such as de-
cision making operators makes analytical techniques unusable.
Moreover, accurate modeling of the output quantization noise
properties at the sub-system level becomes important in the
light of the divide and conquer technique proposed for word-
length optimization.

In this paper, a clustering based algorithm for grouping the
noise sources into one or many groups so as to closely repre-
sent the quantization noise PDF is described. The clustering
algorithm relies on Kurtosis to determine Gaussian-ness of
the noise components in the cluster. The proposed algorithm
is tested on a 32 tap FIR filter with five large coefficients
and the V-BLAST MIMO decoding algorithm. While a clear
distinction between the Gaussian and the total noise shapes
can be made in the FIR example, the results obtained with
the V-BLAST experiment indicate an encouraging trend where
the BER curves obtained with proper noise shaping closely

follows the BER curve obtained from fixed point simulation
than the one obtained with Gaussian assumption. Thus it is
verified that proper noise PDF shaping brings the of single-
noise source model closer to the fixed-point simulation.
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