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Logics of Programs Introductory Example

The Model-Checking Problem

The Model-checking Problem: A system Sys and a specification Spec,
decide whether Sys satisfies Spec, or not.

Example: Mutual exclusion protocol

Process 0: repeat Process 1: repeat

00: non-critical section 1 00: non-critical section 2
01: wait unless turn = 0 01: wait unless turn =1
10: critical section 1 10: critical section 2

11: turn :=1 11: turn := 0

@ A state is a bit vector of the form (line no. of process 1,line no. of
process 2, value of turn)

@ The initial state is (00000).

@ Spec = “some state of the form (1010x) is never reached”, and
“always when a state of the form (0lxyz) is reached, then later a
state of the form (10x'y'z’) is reached” (and similarly for Process 2,
i.e. states (xy0lz) and (x'y'10z"))
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(RTAERGTNETIEIE  Kripke Structures

Kripke Structures

Assume given Prop = {p1,...,pn} a set of atomic propositions.

Definition

A Kripke structure over Prop is S = (S, R, )
@ S is a set of states
@ RC S x S is a transition relation

@ \: S — 2P associates those p; which are assumed true in s.

A rooted Kripke structure is a pair (S, s) where s is a distinguished initial
state

Sophie Pinchinat (IRISA) Logic, Automata, and Games M2RI 2011-2012 4/75



(RTAERGTNETIEIE  Kripke Structures

Mutual Exclusion Protocol Example

Let us use

@ Use p; and py for “being in wait instruction before critical section”
for Process 0 and Process 1 respectively

@ Use p3 and py4 for “being in critical section” for Process 0 and
Process 1 respectively

The label function looks like A(01101) = {p1, p4}; remember states are
(line no. of process 1,line no. of process 2, value of turn)

EXERCISE: Define the KS corresponding to the Mutual Exclusion Protocol
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Logics of Programs

A Toy System

Over Prop = {p1, p2}.

{pl} 51
0

{p1, p2}
()
{p2}
A(s2) = {p2}
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UG S S
Paths and Words

Let S = (S, R, \) be a Kripke structure over Prop = {p1,p2,...,Pn}

@ A path through (S, s) is a sequence sy, 51,5, ... where sp = s and
(siysit1) € Rfori >0

@ Its corresponding word (€ (2F"P)) is A(sp), A(s1), A(S2); - - -
(o) (5)

For example,

{p1.p2}

a={p1, p2H{p1 Hp2}{p1}000 ...

{p2}
o If a = a(0)a(l)... € (2PP)~, write o/ for a(i)a(i+1)....

So a = aP.
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(TR NETIEI I Behavioral Properties

Linear Time Logic for Properties of Words

[Eme90] We use modalities

G denotes
F denotes
X denotes
U denotes

The syntax of the logic LTL is:

“Always’
“Eventually"
“Next"
“Until’

01,02(3 LTL) == a1 V o2 |71 | X1 [ o1 U o

where a € . LTL formulas are interpreted over words o € .

Note that the words may arise from a Kripke structure (S, s) over Prop

so that ¥ = 2Frop,
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£zl Papeines
Semantics of LTL

Let a € X¥. Define o' |= ¢ by induction over ¢.
o a Eaiffa(i)=a

o o =1 Vs iff ...

o o =~y iff

o o = Xy iff o/t = ¢y

o o/ = 1 U, iff for some j > i, o/ = 3, and

forall k=1i,....j—1, o = ¢

Fo def ¢ rue U ¢, hence o/ = Fy iff o/ |= o for some j > i.

Gy def —F—¢, hence o/ = Gy iff o/ |= ;1 for every j > i.

Let
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(TR NETIEI I Behavioral Properties

Examples of formulas

© o = GFaiff “in «, a occurs infinitely often”.
Q@ al=XX(b = Fc)iff “If «(2) = b, then a(j) = c for some j > 2".
Q@ aEF(anX(bUa))iff “... " (EXERCISE)
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(TR NETIEI I Behavioral Properties

Augmenting LTL: the logic CTL*

We want to specify that every word of (S, s) satisfies an LTL specification
©, or that there exists a word in the Kripke structure such that something

holds. We use CTL* [EH83] which extends LTL with quantfications over
words:

Y1,92(3 CTLY) n=Ev|aly Vo | b1 [ Xehy [ U o
Semantics: for a word «, a position /, and a rooted Kripke structure (S, s):
o s Ev o iff o (s ¥ for some o in (S, s)

st. af0,...,i] =[0,...,i]
Let A %€ —E

CTL* is more expressive than LTL: A[Glife = GEX death]
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Logics of Programs

Interpretation over Trees

Behavioral Properties

@ We unravel S = (5, R, A) from s as a tree
@ Paths of S are retrieved in the tree as branches.

S0

S0S1 052

S0S151

/ \ 505152
505151 S1
50515152
/
/
505152
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Logics of Programs

Interpretation over Trees

@ In the tree, we keep only the information about propositions in the

current state along the path.

A(so)

As2)
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(TR NETIEI I Behavioral Properties

Interpretation over Trees

@ We keep from the unraveling information about propositions

@ We assume that states have exactly two successors (ordered)

S

—

EXERCISE draw the corresponding tree 50\ /Sl

.2
We make a huge simplification: -

VRN

we consider only | Kripke structures which unravel as full binary trees‘

but the theory generalizes to arbitray structures.
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£zl Papeines
> -Labeled Full Binary Trees

@ The full binary tree is the set {0,1}* of finite words over a two
element alphabet.

@ The root is the empty word e.
@ A node is some w € {0,1}*.

@ Every w € {0,1}* has two children: a left son w0 and a right son wl.

Definition
A X-labeled (full binary) tree is a function ¢ : {0,1}* — X.
Trees(X) is the set of X-labeled full binary trees.
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(TR NETIEI I Behavioral Properties

The full binary tree and a {a, b}-labeled tree

1
I I I I
[ [ [ [
[ [ [ I
\ [ [
\ ! \ I \

Obviously, we will take ¥ = 2Prop

In the example, Prop = {p}, and say a = {p},b = 0.
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The (propositional) Mu-calculus
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The Mu-calculus

@ invented by Dana Scott and Jaco de Bakker, and further developed
by Dexter Kozen

o D. Kozen.
Results on the propositional p-calculus. Theoretical Computer
Science, 27(3):333-354, 1983.

@ A. Arnold and D. Niwinski.
Rudiments of mu-calculus. North-Holland, 2001.

@ E. A. Emerson and C. S. Jutla.
Tree automata, mu-calculus and determinacy. In Proceedings 32nd
Annual IEEE Symp. on Foundations of Computer Science, FOCS'91,
San Jose, Puerto Rico, 1-4 Oct 1991, pages 368-377. IEEE Computer
Society Press, Los Alamitos, California, 1991.
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The Mu-calculus

The Mu-calculus

Fundamental importance for several reasons, all related to its
expressiveness:

@ Uniform logical framework with great raw expressive power. It
subsumes most modal and temporal logic of programs (e.g. LTL,
CTL, CTL*).

@ the Mu-calculus over binary trees coincide in expressive power with
alternating tree automata.

@ the semantic of the Mu-calculus is anchored in the Tarski-Knaster
theorem, giving a means to do iteration-based model-checking in an
efficient manner.
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The Mu-calculus

Smooth Introduction

@ Consider the CTL formula EFP (where P is some proposition): note
that

EFP=PVEXEFP
so that EFP is a fixed-point.

@ In fact, EFP is the least fixed-point, e.g. the least such that
Z=PVEFZ

@ Not all modalities of e.g. CTL are needed as a "basis”

BYO modalities with fixed-point definitions
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The Mu-calculus

About lattices and fixed-points

See “Introduction to Lattices and Order”, by B. A. Davey and H. A.
Priestley. Cambridge 2002.

A lattice (L, <) consists of a set L and a partial order < such that any pair
of elements has a greatest lower bound, the meet ', and a least upper
bound, the join U, with the following properties:

associative law) (xUy)uz=xU(yUz)

(

(commutative law) xUy=yUx
(idempotency law) xUx=x
(absorption law) xU(xMNy)=x

And similarly for 1.

For example, given a set S, the powerset of S, (P(S),C), is a lattice.
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The Mu-calculus

Monotonic Functions

@ f: L — Lis monotonic (order preserving) if
Vx,y €Lx<y = f(x) <f(y)

@ x is a fixed-point of f if f(x) = x
o Define 0 is the identity function, and f™1 = f" o f.

@ Note that f monotonic implies that f” is monotonic. The identity
function is monotonic and composing two monotonic functions gives
a monotonic function.
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The Mu-calculus

Tarski-Knaster fixed-point Theorem

A lattice (L <,U,M) is complete if for all A C L, UA and MA are defined;
then there exist a minimum element 1= 1L and a maximum element

T =UuL.

This is the case for (P(S),C): given a set A C P(S) of subsets,
UA=JgicaS and MA = Ngcn S

EXERCISE Whatare T and L ? O

Theorem

[Tar55] Let f be a monotonic function on (L, <,1,M) a complete lattice.
Let A={y|f(y) <y}, then x =MA is the least fixed-point of f.

(1) f(x) < x: Vy € A, x <y, therefore f(x) < f(y) <y. So

f(x) <MNA=x.

(2) x < f(x): by monotonicity applied to (1), f2(x) < f(x) so f(x) € A,
and x < f(x).

X is then a fixed-point, and because all fixed-points belong to A, x is the
least. And similarly for the greatest fixed-point (with A= {y|f(y) > y}).
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Another Characterization of fixed-points

(3) pz.f(2), the least fixed-point of f, is equal to LI;f’(}), where i ranges
over all ordinals of cardinality at most the state space L; when L is finite,
pz.f(z) is the union of the following ascending chain LC f(L) C f2(L)...

(4) vz.f(z) = M;f'(T), where i ranges over all ordinals of cardinality at
most the state space L; when L is finite, vz.f(z) is the intersection of the
following descending chain T 2 f(T) 2 f2(T)...

EXERCISE Show it. g

Sophie Pinchinat (IRISA) Logic, Automata, and Games M2RI 2011-2012 24 /75



ARV ITRESTEN  The Mu-calculus

Syntax of the Mu-calculus

An alphabet ¥, and the associate set of propositions Prop = {P,}sex .
A infinite set of variables Var = {Z,Z',Y,...}.
Formulas

3.8 €Ly n=Pa|Z|=B|BAB(0)B(L)B|uZ.B
where P, € Prop,Z € Var.
Write ()3 for (0)3 V (1)3, and [ |3 for (0)3 A (1)0.
0 is a sentence if every occurrence of a variable in 3 are bounded by a
L operator.
Write 3/ < 3 when 3 is a subformula of 3.

As pZ.(3 is about a least fixed-point (see later for its semantics), we
need to ensure its existence, hence the notion of well-formed formulas.

e ©

e ©

e ©

well-formed formulas

For every subformula ©Z.3, Z appears only under the scope of an even
number of = symbols in .
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ARV ITRESTEN  The Mu-calculus

Semantics of well-formed formulas

@ Fix a tree t € Trees(X)

o Let val : Var — 2{%1}" be a valuation of the variables. For every
N C {0, 1}*, we write val[N/Z] for val’ defined as val except that
val'(Z) =

@ Givenatreet: {0,1}* — X, []L,, € {0,1}* denotes a set of nodes.

val
[Z1%, = val(2)
|[P ]]val = t_l(a)
[- /8]]va/ = {0,1}" \ﬂﬂ]]va/

|I/8]]valm|1/8, val
{we{0,1}*|woe[B]:,}

{we {01} [wle[B].}
Zﬁ]]val = n{N GP({O 1} )||[ﬁ]]val[N/Z] g N}

>
=
37

I

|=u=||=u=|
NI
S~ ~—
@
= =
=378
I
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ARV ITRESTEN  The Mu-calculus

The meaning of uZ.3

@ Recall

[1Z.81% = ()N € PUO, 1Y) [ 8L aqnyz S N}

o 1 Z.3 denotes the least fixed-point of
f : 2{071}* — 2{071}*
F(N) =181 0wz

where f is monotonic, since (3 is well-formed.

By [Tar55] (for the lattice (21017, {0,1}*, C)), f has a least
fixed-point (and a greatest fixed-point) and this is precisely the value
of [nZ.B]".

o LetvZ.p3 def —puZ.—p[~Z/Z]. Itis a greatest fixed-point.

@ Notice that if 3 is sentence, then [ uZ.8]%,, = [nZ.8]}
val, val’; we write it [ uZ.3]".

Loy o+ for any
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ARV ITRESTEN  The Mu-calculus

Examples of formulas

We assume we have true and false in the syntax, with
[true]?, ={0,1}* and [false]!,, = 0.

o uZ.7Z =false

o vZ.Z = true
o uZP=vZ.P="P
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ARV ITRESTEN  The Mu-calculus

Examples of formulas: about CTL

® What is “uZ.P,Vv ()Z" 7
@ It is equivalent to EFa, whereas vZ.P,V ( )Z = true
pZ.Pyv ()Z =PyV () (nZ.PaV()2)

=P,V { )PV ()(uZ.PaV ()Z))
PaV () (PaV ()(PaV () (1Z.PaV ()2)))

A node w € [ uZ.P,V ( )Z ] if either it is in [ P,]* or it has a child
who is either in [ P, ]* or who has a child who is in [ P, ]* or who has
a child who ... The least set of nodes with this property is the set of
nodes having a path eventually hitting a descendant node labeled by
a. Hence the formula EF a.
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ARV ITRESTEN  The Mu-calculus

@ AaUb=uZ.P,V P,N[]Z, since
pZ. Py PaAN[]1Z=PoNV PN I(PoV PaA[(PyV PaA[]()))
whereas vZ.PpV P, A[]Z = AaW b, the weak until.
@ AGa=vY.P,A[]Y, since
vY.PaALTY = Pa ALI(Pa ALT(Pa ATIC-)))

whereas uZ.P, N[ ]Y = false
o AGEFa=vY.(uZ.P,V ()Z)A[]Y
o EGFb=vY.uZ.()(bAYV Z)

@ Intuitively, i (resp. v) refers to finite (resp. infinite) prefixes of
computations.

@ vZ.P,A[][]Z is not expressible in CTL* [MP71, Wol83].
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ARV ITRESTEN  The Mu-calculus

Positive normal form

We push negation innermost in the formulas
= formulas in positive normal form

@ Notice that =(d)3 = (d)—0, for d € {0,1}.

EXERCISE What if we do not assume states always have
successors? (that is branches in the tree might be finite) O
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ARV ITRESTEN  The Mu-calculus

Alternation Depth (£1 in the literature)

Let 3 € L, be in positive normal form.
We define ad(/3), the alternation depth of (3 inductively by:

@ ad(P,) = ad(—P,) = ad(Z) =0

@ ad(BAB)=ad(BV B)=max{ad(B),ad(s)}

e ad((d)B) = ad(p), for d € {0,1}

e ad(puZ.p) = max({1,ad(B)} U{ad(vZ'.0)+1|vZ'.p < B,Z €
free(vZ'.3")})

o ad(vZ.8) = max({1,ad(B)} U{ad(uZ'.p)+ 1| uZ'.p' < B,Z €
free(uz'.3')})

Example: ad(vY.(uZ.PoV ()ZA[]Y)) =2
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ARV ITRESTEN  The Mu-calculus

Some important results

Write Ll’j ={B e L,|ad(B) < k}.

o CTL C L}L, and this is strict (recall vZ.P, A [][ ]Z is not expressible
in CTL¥)

o ad(vY.uZ.(()Y AP,V Z)) =2, then EGFais in L3,

Theorem
[Arn99, Bra96, Len96] The alternation hierarchy Lg, LIIL, Li ... Is strict. J

Theorem
[BGLO7] The variable hierarchy of the p-calculus is strict. J
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FuncreiE ez
Model-checking and Satisfiability

o Write t |= 3 whenever e € [ 3],
def

o Let L() = {t € Trees(X) |t = B}
@ The Model-checking Problem (Program Verification):

Given regular tree t and a sentence 3 € L, is it the case that t = (37
@ The Satisfiability Problem (Program Synthesis):

Does there exist a tree t such that t = 37

Does there exist a regular tree? (The finite model property)

A tree is regular if it is obtained by unraveling a (finite) Kripke structure.

Definition (informal) J
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FuncreiE ez
What next?

@ Tree Automata to recognize certain trees:

B € L, ~ Ag such that L(Ag) = {t € Trees(X) |t = 5}
The Model-checking Problem ~~ The Membership Problem

The Satisfiability Problem ~» The Emptiness Problem

@ Games (two-player zero-sum) provide very powerful tools.
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Automata on Infinite Objects

Automata on Infinite Objects
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Automata on Infinite Objects NEEEI T

Automata on Infinite Objects

Automata with inputs like infinite words and infinite trees (and graphs).

@ Automata on Infinite Trees [Rab69], [GH82, Mul84, EJ91], [GTWO02,
Chap. 8 and 9]

» Acceptance conditions: Bichi, Muller, Rabin and Streett, Parity on
every branch of the run of the automaton on its input.

» Runs are trees, and accepting runs fulfill the acceptance condition.

» We consider parity acceptance condition.

@ Also w-automata are automata on infinite words [Biic62, McN66],
[Tho90], [GTWO02, Chap. 1]

» Acceptance conditions: Biichi, Muller, Rabin and Streett, Parity

» Runs are paths, accepting runs fulfill the accepting condition.

» All coincide with w-regular languages (L = |J; KiR}’) — deterministic
Biichi are weaker.

» Connection with Logic LTL: LTL corresponds to FOL as well as
star-free w-regular languages.
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AT ETERCR GHLIENOLITEGEM  Non-deterministic Parity Tree (NDPT) Automata

Non-deterministic Parity Tree Automata

@ A (X-labeled full binary) tree t is input of an automaton.
@ In a current node in the tree, the automaton has to decide which
state to assume in each of the two child nodes.

Definition
A non-deterministic parity tree (NDPT) automaton is a structure
A=(Q,X,q°6,c) where

Q(> ¢°) is a finite set of states (¢ the initial state)

0 C Q@ XXX QX Q is the transition relation

c:Q—{0,...,k}, k € Nis the coloring function which assigns the index
values (colors) to each states of A
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AT ETERCIR UL IENOLITEGEM  Non-deterministic Parity Tree (NDPT) Automata

Runs

Definition
A run of A= (Q,%,q°%6,c) on an input tree t € Trees(X) is a tree
p € Trees(Q) satisfying

o p(e) = q° and

o for every node w € {0,1}* of t (and its sons w0 and w1l), we have

(p(w0), p(wl)) € 6(p(w), t(w))
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AT ETERCIR UL IENOLITEGEM  Non-deterministic Parity Tree (NDPT) Automata

Example

Consi_d_er the automaton with states g, (initial) and T, and the following
P S
NN N >

N ANN RN
bl bR m

6(qaaa) = {(TvT)} 6(qa’b) = {(qa’qa)}
6(T,a) = {(T,T)} &(T,.b) = {(T,T)}

with ¢(g,) =1 and ¢(T) = 0.
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AT ETERCIR UL IENOLITEGEM  Non-deterministic Parity Tree (NDPT) Automata

The parity acceptance condition

@ Given a run p, for a branch v in p write
Inf(7) def {j €{0,...,k}|c(y(i)) = for infinitely many i}

@ A run p is accepting (successful) iff for every branch v € {0,1}* of
the tree p the parity acceptance condition is satisfied:

min Infc(7y) is even
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GG E Pardiy Tz (LEPTT) (i
Example 1

@ Let Ly be the set of trees the branches of which all contain an a.
This may be expressed in L, as uZ.P,V []Z in L.

@ Lg may be characterized by the following tree automaton

6(qa,a) = {(T,T)} (qa,b) = {(92,9a)}
o(T,a) = {(T,T)} o&(T,b)

Il
=
A
J
—

with g, initial, c(g,) =1, and ¢(T) = 0.
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LG SR TS PEEy TTee (DT i ez
Example 2

Tree automata are nondeterministic, and cannot be determinized in
general.
@ Let L° C Trees({a, b}) be the set of trees having a branch with
infinitely many a's.
@ Consider the automaton with states q,, g5, T and transitions
(* stands for either a or b).

5(q*73) = {(qaaT)v(Tvqa)}
5(q*7b) = {(Qb,T),(T,Qb)}
6(T,*) = {(T,T)}

and coloring ¢(gqp) =1 and ¢(qa) = ¢(T) =0
(only 0 and 1 colors, this a Biichi condition)
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LG SR TS PEEy TTee (DT i ez
Example 2 (Cont.)

0(gx,a) = {(qa, T),(T,qa2)}
5(q*’ b) = {(qb7 T)7 (T7 Qb)}
6(T,x) = {(T,T)}

with ¢(gp) =1 and ¢(g.) = ¢(T) =0

@ From state T, A accepts any tree.

@ Any run from g, consists in a tree with of a single branch labeled with
states g,, gp, Whereas the rest of the run tree is labeled with T.
There are infinitely many states g, on this branch iff there are
infinitely many nodes labeled by a.

Sophie Pinchinat (IRISA) Logic, Automata, and Games M2RI 2011-2012 44 /75



AT ETERCIR UL IENOLITEGEM  Non-deterministic Parity Tree (NDPT) Automata

Acceptance

@ A tree t is accepted by A iff there exists an accepting run of A on t.
@ The tree language recognized by A is

L(A) def {t|tis accepted by A}
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Non-deterministic Parity Tree (NDPT) Automata
Other Acceptance Conditions

@ Biichi is specified by a set F C Q
Acc = {y|Inf(v)NF #0}
@ Muller is specified by a set F C P(Q),
Acc = {v|Inf(y) € F}
@ Rabin is specified by a set {(R1, G1),..., (R, Gk)} where R;, G; C Q,
Acc = {v|Vi,Inf(y)N R =0 and Inf(y) N G; # 0}

@ Streett is specified by a set {(R1, G1), ..., (Rk, Gk)} where
Ri, Gj C Q,

Acc = {~|Vi,Inf(v) N R; = 0 or Inf(y) N G; # 0}
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Non-deterministic Parity Tree (NDPT) Automata
Other Acceptance Conditions

@ For the relationship between these conditions see [GTW02].
@ Biichi is specified by a set F C @ and this acceptabce condition for
runs is:
Acc = {vy|Inf(v)NF #0}

Blichi tree automata are less expressive than the other acceptance
conditions (which are equivalent) [Rab70]: for example, the
complement of L3°, that is finitely many a's on each branch, cannot
be characterized by any Biichi tree automaton.
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AT ETERCR GHLIENOLITEGEM  Non-deterministic Parity Tree (NDPT) Automata

Regular Tree Languages and Properties

@ A tree language L C Trees(X) is regular iff there exists a parity tree
automaton which recognizes L.

@ Tree automata are closed under sum, projection, and
complementation.

» Tree automata cannot be determinized: L7 C Trees({a, b}), the
language of trees having one node labeled by a, is not recognizable by
a deterministic tree automata (with any of the considered acceptance
conditions).

» The proof for complementation uses the determinization result for word
automata. Difficult proof [GTW02, Chap. 8], [Rab70]

@ We will solve the Membership Problem and the Emptiness Problem
for (nondeterministic) automata by using Parity Games.
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(€E)C5  Generalities

(Parity) Games

@ Two-person games on directed graphs.
@ How are they played?

@ What is a strategy? What does it mean to say that a player wins the
game?

@ Determinacy, forgetful strategies, memoryless strategies
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(€E)C5  Generalities

Arena

An arena (or a game graph) is
o G= (W, V1,E)
@ Vo = Player 0 positions, and Vi = Player 1 positions (partition of V)
@ E C V x V is the edged-relation
@ write 0 € {0,1} to designate a player, andd =1—0¢
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Games
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. color 0 and the rest is colored 1
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(€E)C5  Generalities

Plays

@ Formally, a play in the arena G is either
> an infinite path 7 = wywvivy ... € V¥ with vi41 € v;E for all i € w, or
» a finite path m = vgvive ... vy € VT with vjy; € v;E for all i < /, but
V/E = @
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(€E)C5  Generalities

Games and Winning sets

@ Let be G an arena and Win C V* be the winning condition
@ Player 0 is declared the winner of a play 7 in the game G if

» 7 is finite and last(7) € V; and last(m)E = 0, or
>  is infinite and ™ € Win.
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Parity Games

Parity Winning Conditions

Informally, an infinite play is winning if the minimal color that occurs
infinitely often even.

Formally

@ We color vertices of the arena by x : V — C where C is a finite set of
so-called colors; it extends to plays x(7) = x(vo)x(v1)x(v2) .. ..
o (C is a finite set of integers called priorities

@ Let Inf,(7) be the set of colors that occurs infinitely often in x(7).

Win is the set of infinite paths 7 such that min(Infc (7)) is even.
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Example of a parity game

. color 0 and the rest is colored 1
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Parity Games

Strategies and winning region

@ A strategy for Player ¢ is a function f,: V*V, — V

o A prefix play m = wywvyva ... vy is conform with £, if for every i with
0 < i< I and v; € V, the function £, is defined and we have
Vitr = fx(vo ... vi).

@ A play is conform with 7, if each of its prefix is conform with ;.

@ The winning region for Player o is the set W, (G) C V of all vertices
such that Player o wins (G, v) (to be defined rigorously)
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(€E 5 Parity Games

Example of Winning Regions

P

\ Wo

Wi . color 0 and the rest is colored 1
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Determinacy of Parity Games

@ A game G = ((V, E), Win) is determined when
the sets W,(G) and W5(G) form a partition of V.

Every parity game is determined.

Theorem J

@ A strategy f, is a positional (or memoryless) strategy whenever

fo(mv) = fo(7'v),Vv € V,

Theorem
[EJ91, Mos91] In every parity game, both players win memoryless. J

See [GTWO02, Chaps. 6 and 7]
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Solving Parity/Games

Complexity Results

Theorem
WINS =

{(G,v)|G a finite parity game and v a winning position of Player 0}
is in NP N co-NP

© Guess a memoryless strategy f of Player 0

© Check whether f is memoryless winning strategy

[BJWO02] proposed a reduction from parity games to safety games, that
leads to an algorithm in O(n(n/k)¥/?1) (k + 1 colors).

EXERCISE How would you solve a safety game? O
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Back to Decision Problems for ND Tree Automata

The Membership Problem: A ~» G 4+

Q Given a tree t and an NDPT automaton A, we build a parity game
(gAyt, V/) s.t. vy isin WQ(gA’t) iff t € L(.A)

Moreover, if t is regular (i.e. represented by a finite KS (S, s)), we
can build a finite game.

The Emptiness Problem: A ~» A"~ G 4/

© For each parity automaton A, we build an Input Free automaton A’
such that L(.A) # 0 iff A" admits a successful run.

@ From A’ we build a parity game G 4 such that (winning) strategies of
Player 0 and (successful) runs of A" correspond.

Both problem reduce to solving parity games!
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Membership and Emptiness Problems for NDPT Automata

The Membership Problem: The Game Graph G4,

O-positions are of the form (w, t(w), q).
Moves from (w, t(w), ), with

5(q. (W) = {(q, 4" 1), (0, @"2); - - (qfs 4" )} are:

|(w, t(w), (g, t(w), ¢1,4"1) |

47 (q7 t(W)7 qéy q”2)) |

(w, t(w), q)

(W, t(w), (9, (W), 41 " m)) |

Player 0 chooses the transition (g, t(w),q’,q") from g for input t(w)
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The Game Graph G 4

1-positions are of the form (w, t(w),(q,t(w),qd’,q")).
2 possible moves from (w, t(w), (q,t(w),q’,q")):

(w0, t(w0),q")

[(wi(w).(at(w) ")

(wl,t(wl),q")

Player 1 chooses the branch in the run (left ¢’, or right ¢")
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The Game Graph G 4

A=(Q,%,¢°0,c)
o Vo = set of triples (w,t(w),q) € {0,1}* x ¥ x Q
o Vq = set of triples (w, t(w),7) € {0,1}* x ¥ x §
@ Moves ...

@ Initial position in (e, t(¢), %) € Vo

°

Priorities:
t V(w. t(w). 4)) = e(a)
x((w, t(w), (g, t(w),q',q"))) = c(q)
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The Game Graph G 4

o Vo (w, t(w),state q)

e Vi: (w, t(w),transition (g,t(w),q’,q"))

@ Moves from Vy: from (w, t(w), q), Player 0 can move to
(w, t(w), (9, t(w), d', ")), for every (q,t(w),q',q") € 6

@ Moves from Vy: from (w, t(w),(q,t(w),q’,q")), Player 1 can moves
to (w0, t(w0),q’) or to (wl, t(wl),q").
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Membership and Emptiness Problems for NDPT Automata

The Finite Game with a Regular Tree

hb-—— - - - —-= - =5

With the automaton: i
5((7*,3) = {(qavT)v(Taqa)} B - - %
6(q*7 b) ~ {(qb7 T)? (—I—’ qb)}
6(T,+) ={(T, T)} -
c(ga) =¢c(T)=0
c(gp) =1
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Example of G 4+

(I priorities

- .
[
-

[T

-

51,3, (b, 3,Ga, T)

~ 4 ~

[ 2.5, (db: b, @b, T) |[ 2:b, (a5, 5, T b) |

s1.2.(T,a,T,9.)
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Membership and Emptiness Problems for NDPT Automata

The Emptiness Problem of NDTA

We need the notion of input-free automata.

@ An input-free (IF) automaton is A" = (Q, J, g1, Acc) where
0 CQxQxQ.

Lemma

For each parity automaton A there exists an IF automaton A’ such that
L(A) # 0 iff A" admits a successful run.

o A=(Q,%,q%d,c) and define A’ = (Q x L, {q/} x £,d, ).
A" will guess non-deterministically the second component of its
states, i.e. the labeling of a model. Formally,

» for each (g,a,q',q") € 6, we generate ((q,2),(q',x),(q",y)) € &', if
(d',x,p,p'),(q",y,r,r") € 6 for some p,p’,q,q' € Q
> c'(g,a) = c(q)
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Membership and Emptiness Problems for NDPT Automata

Example IF Automaton

A ~ B
(G2,3,G2, 7), (92,3, T,92)  ~ ((qa,2),(qa,2), (T, 2)), ((ga; 3), (T, 2), (qa, 3))
((qa; @), (ga, b), (T 2)), ((9a; a), (T, b), (qa, a))
((qa; @), (ga, ), (T, b)), (92, 2), (T, a), (qa, b))
((9a, @), (ga, b), (T, b)), ((ga, ), (T, b), (qa, b))
(qa7b7qb:T)»(qaabaT7qb) ~ ((qaab)a(qbva)v(Tva))v((qaaa)a(—rva)v(qb:a))
((qas b); (gb, b), (T 2)), ((gas @), (T, b), (b, 3))
((qa; b),(gb, ), (T, b)), ((qa: ), (T a), (qs, b))
(( as )(qbab)a(Tvb))v((qaaa)a(—rv )V(qba ))
(9bs 3, Gay T),(Gbs 3, T,qa) ~ ... (abs b, a6, T),(qb, b, T, qb) ~
(T,a, T, T) ~ ((T,a),(T,a),(T,a)) (T,b, T, T) ~
((T,a),(T,b),(T,a))
((T,a),(T,a),(T,b))
((T,a),(T,b),(T,b))

'((ga,%)) = ¢(qa) = 0,¢'((T, %)) = ¢(T) = 0,¢'((gp, %)) = c(qp) =1
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Membership and Emptiness Problems for NDPT Automata

From IF Automata to Parity Games

A an IF automaton ~~ a parity game G4

@ Positions Vg = Q and V; =6
@ Moves for all (¢,¢',q") €6

» (g.(q.9',q")) € E
> ((9,9',49"),4'),((9,9',9"),q") € E

@ Priorities x(q) = c(q) = x((9.49',q"))

Lemma
(Winning) Strategies of Player 0 and (successful) runs of A correspond. J

Notice that G4 has a finite number of positions.
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Membership and Emptiness Problems for NDPT Automata

Example of G4
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Membership and Emptiness Problems for NDPT Automata

Decidability of Emptiness for NDPT Automata

Theorem

For parity tree automata it is decidable whether their recognized language
is empty or not.

A~ A’ ~~ G4, and combined previous results.
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Finite Model Property

Corollary
If L(A) # 0 then L(.A) contains a regular tree. J

Use the memoryless winning strategy in G 4.

Formally, take A and its corresponding IF automatan A’. Assume a
successful run of A’ and a memoryless strategy f for Player 0 in G 4 from
some position (qy, a).

The subgraph G4, induces a deteministic IF automaton A" (without acc):
extract the transitions out of G4, from positions in V;. A" is a
subautomaton of A’.

A" generates a regular tree t in the second component of its states. Now,
t € L(A) because A’ behaves like A.
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Membership and Emptiness Problems for NDPT Automata

Complexity Issues

Corollary
The Emptiness Problem for NDPT automata is in NP N co-NP. J

Notice that the size of G 4 is polynomial in the size of A
(see [GTWO2, p. 150, Chap. 8]).

Remark
The universality problem is EXPTIME-complete (already for finite trees). J
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Concluding remarks

What we have seen

@ Binary trees as a simplified setting to represent system'’s executions.

@ Propositional p-calculus that subsumes all branching-time temporal
logics (LTL, CTL, CTL*, PDL, ...).

@ Non-determinsitic tree automata (NDTA) to recognize regular tree
languages.

o (Parity) games as abstract mathematical tools to, e.g. check
emptiness and membership problems for NDTA.
= The emptiness problem for NDTA is in NP N co-NP.
= Memoryless strategies deliver regular objects.

In particular, NDTA have the finite model property.
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Concluding remarks

What we have not seen

@ A generalization of NDTA as Alternating Tree Automata (ATA) and
the Simulation Theorem [MS95] that states an exponential time
procedure to convert ATA into NDTA.
= ATA have the finite model property.
= Checking emptiness of ATA is in EXPTIME (in fact, complete).
BUT checking membership for ATA is in NP N co-NP.

@ The two-way translation pu-calculus formulas < ATA.
= The p-calculus has the finite model property.
= Satisfiability of u-calculus formulas is in EXPTIME.
= Model-checking p-calculus formulas is in NP N co-NP.
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