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Training sequence optimization for frequency
selective channels with MAP equalization
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Abstract—In this paper, we address the problem of opti-
mization of the training sequence length for frequency selective
channels when a Maximum a posteriori (MAP) equalizer is
used. The optimal length of the training sequence is found
by maximizing an effective signal-to-noise ratio (SNR) and an
effective channel capacity of the training-based transmission
scheme. We study these problems of optimization when the
training and data powers are equal and when they are allowed
to be different. When the powers can be different, we give the
optimal power allocation.

I. INTRODUCTION

Equalization is used to combat intersymbol interference on
frequency selective channels. The optimal equalizer [1] to be
used is based on Maximum a posteriori (MAP) detection. It
makes decision on a symbol-by-symbol basis and is optimum
since it minimizes the bit error probability when the channel
is known by the receiver. In practice, the channel impulse
response is estimated by sending known training symbols.
When the length of the training sequence increases, the
variance of the channel estimation error decreases, but the
information throughput decreases as well. Thus, a trade-off has
to be found. Several methods have been proposed to design
the optimal training sequence length. The solution presented
in [2] and [3] is based on maximizing a lower bound of
the capacity of the training-based scheme respectively for a
single-input single-output (SISO) frequency selective channel
and for a multiple-input multiple-output (MIMO) flat fading
channel. Another approach tries to find the optimal sequence
that minimizes the Mean Square Error (MSE) of the channel
estimator for different systems [4]-[7]. All these works do not
take into account the receiver used.

In this paper, we consider the particular case where a MAP
equalizer is used for a transmission over a SISO frequency
selective channel. We introduce simple expressions of the ef-
fective Signal-to-Noise Ratio (SNR) and the effective channel
capacity for the training-based scheme. We find the training se-
quence lengths maximizing these quantities when the training
and data powers are equal. When the powers can be different,
we also give the optimal power allocation.

The paper is organized as follows. In Section II, we describe
the transmission system model. Section III studies the opti-
mization of the training sequence length when the training
and data powers are equal. In Section IV, we find the optimal
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power allocation and the optimal training sequence length
when the training and data powers are allowed to be different.
Throughout this paper scalars and matrices are lower and
upper case respectively and vectors are underlined lower case.
The operator (.)7 denotes the transposition, and I,,, is the
m X m identity matrix.|z ], [2] and |z| are respectively the
greatest integer lower than z, the smallest integer greater than
z and the absolute value of z.

II. TRANSMISSION SYSTEM MODEL

We consider a data transmission system over a frequency se-
lective channel. The input information bit sequence is mapped
to the symbol alphabet A. For simplicity, we will consider
only the BPSK modulation (4 = {—1,1}). We assume that
transmissions are organized into bursts of 7' symbols. The
channel is supposed to be invariant during the transmission.
The received baseband signal sampled at the symbol rate at
time k is

L-1
Tp = Z hisg—1 + ng (D
1=0

where L is the channel memory and sy, for 1 - L < k < T—1,
are the transmitted symbols. In this expression, n; are modeled
as independent random variables of real white Gaussian noise
with normal probability density function N'(0,02) where
N (a,0?) denotes a Gaussian distribution with mean « and
variance 0. The term h; is the I*" tap gain of the channel,
which is assumed to be real valued.

The channel is estimated by using a training sequence of
length T, > 2L — 1. We assume that this sequence has
ideal autocorrelation and crosscorrelation properties. Let s =
(sTp,L,...,sl,L)T be the vector of training symbols and
h = (ho,...,hr_1)T the vector of channel taps. The least

~ ~ - T
square channel estimate h = (ho, e hL_1> is given by [8]:

~ 1
h=(H,3) () HG)'z @)
where Hy, (5) is the (T, — L+1) x L Hankel matrix having the
first column (s, _p,...,s0)  and the last row (sq,...,s1-1)
and Z = (zo,..., pr_L)T is the output of the channel
corresponding to the training sequence.
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Hence, we obtain

h—h~N (0,02 (H,; &7 Hy, (5))1)
= N (0. g =Fmyar 1)

where O’% is the transmit power during the training phase.

3)

III. OPTIMIZATION OF THE TRAINING SEQUENCE LENGTH
FOR EQUAL POWERS

We consider at the receiver a MAP equalizer using the
BCIJR algorithm [1]. We first assume that the transmit powers
during the training and data transmission phases are equal
to the unit. We will be interested in the optimization of the
training sequence length by maximizing an effective SNR and
an effective channel capacity that we will define.

A. Maximization of the effective SNR

When the channel is estimated, the Bit Error Rate (BER) at
the output of the MAP equalizer can be approximated at high
SNR as [9]

min L 7%
ol (onte)) o

where d,,,;, is the channel minimum distance [10].
Hence, the equivalent signal to noise ratio at the output of the
MAP equalizer using the channel estimate is given by

42 L !
— main 1 5
42(+TPL+1> )
Increasing the training sequence length leads to an improve-
ment of the channel estimate quality but also to a loss in data

throughput. Thus, in order to take account this loss, we define
an effective SNR at the output of the equalizer as

SNR L SNR
— T 1 dnnn. L
=T 4o (1 + 771
Our goal is to maximize SN R ef freqh under the constraints

T, < T and T, >r0,wherer0—2L—1 Let x € R4
-1

SNR

eq,fz

eff,eq,iL eq, R

>—1 (6)

and f( ) %TT 1+ m Notice that
SNR,_; = f(T,). Let f”(x) be the second derivative of

fa). Slnce f”( ) <0, for x € Ry, the function f is concave.
Thus, it has a unique maximum reached for z* € R, , such as:

*=-1++vL+TL. @)

We consider the two possible cases:
-If 2 < rg & T < 4L — 1 then the length of the training

sequence T,y maximizing SN R, Fheah is equal to 7g.

~Ifro <2* < T & T > 4L~ 1 then T} = r} where
i = argmax,cq|z- | [2+1}) f(2).
We can summarize the previous results as follows:

T, = (ri —70)" +70 (8)

10 T
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Fig. 1. MAP equalizer BER performance versus SINR.fy for different
values of the length of the training sequence.

4 x lf x Z O;
where (2)" =4 5 e

When T > 4L — 1, the optimum value of SNReff eq.h CAN
be approximated by

. d2.. L+1 _VL+TL
SNR! 1~ 2% (1+ e ) 9)

Simulation results

In our simulations, we consider C'hannel3 with impulse
response (0.5;0.71;0.5). Figure 1 shows the BER performance
of the MAP equalizer when the channel is estimated, for dif-
ferent values of the length of the training sequence (7}, = 10,
27 and 100) with respect to SNR.;f = T_TT" SNR, where
SNR is the signal-to-noise ratio at the input of the MAP
equalizer. We set the number of symbols per burst 7' to 256.
According to the previous analytical results, the optimal length
of the training sequence is Ty = 27. This is confirmed by the
simulations since they show that the equalizer presents its best
performance, at high SNR, when 7T}, = T;.

B. Maximization of the effective channel capacity

In the case of channel estimation, the channel capacity of
the training-based scheme using the MAP equalizer is given
by

C= log (1+5NR,,;). (10)

In order to take into account the loss in channel capacity due
to the pilot symbols, we define an effective channel capacity
as

1 T
Ceff = B I log(l + SNReq h) (11
We define g(z) = (T —z) log (1 + 4’?;; e—Ll) forz € Ry,

then Cery = ¢(T,). Since ¢"(z) < 0, for z € Ry,
g is concave. Hence, it has an unique maximum reached
for y* € Ry. As ¢’(0)¢’(T) < 0, then according to the
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theorem of intermediate values y* €]0, 7. Thus, two cases
are considered:

- If g'(r0) <0 then T = 7.

- If ¢g'(ro) > 0 then y*
ArgMaXye(|y~), y=19(4)-

Hence,

€lrg,T[ and T, =

Ty = (r5 —r0)™ + 1o (12)

p

where 75 = argmaxyc(|y- |, [y*1} g(y).

IV. JOINT OPTIMIZATION OF THE TRAINING SEQUENCE
LENGTH AND POWER ALLOCATION

We assume now that the training and data powers are
allowed to be different. Thus, the 7}, pilot symbols are
transmitted with a power ag and the T = T'—T}, data symbols
are transmitted with a power o2.

A. Maximization of the effective signal-to-noise ratio

When the channel is estimated by the least square estimator
and pilot and data symbols have different power levels, the
expression of the BER at the output of the MAP equalizer is

given by
Lo?

d2 -
P — min 1
@ \/ 4 02( +(TpL+1)Jg>

This result can be proved by using the same proof as in [9]
while taking into account the pilot and data powers.

The equivalent signal-to-noise ratio at the output of the MAP
equalizer becomes

13)

a2 Lo2 -t
=-mind(g g —d ) (14
4 o2 < (Tp—L-i-l)O'ZQ)) a4

In this case, we define the effective signal-to-noise ratio

SNR

eq,fb

SNReff,eq,;} as:
T —T,d? Lo} '
SNR N P “min 1 =4
effieah = T 4 o2 ( * (T, — L+ 1)0%>
15)
Now, consider the following optimization problem:
max SNR_ ;.. i (Tp, 05, T4, 07)
s.t.
U;Tp + O';Td = UfT (16)
T, +Ty=T
0127, 02 >0
To S Tp S T

where 02T is the total transmit energy per burst.
We denote the fraction of the total transmit energy used in the
data transmission phase as

03Ty =aoiT,0<a<1 (17)
Thus, the effective SNR can be written as
ao?d? oT,L -1
SNR ) . t ““min p
s~ (e )
(18)

The problem (16) is equivalent to

max SNR
S.t.

To S Tp S T
O<axl

ef frean (Tps @)

(19)

Proposition 1 The optimal training sequence length and
the optimal pilot symbol power maximizing the effective SNR
under the constraints of (16) are given by

Ty = (r5 —r0)" + 7o
2 (1—04*(T;))<7t2T (20)
O = T

where r3 = argmax,ec(|-, 7] 1 f1(z, o (2)), fi(r,a) =

aoldy iy L * _
o7 (H‘(Hé) o) o= L+1)) , T = VIL-T,
« Az)— \/A(z)Lm

(1) = = Alz) =T —z)(c— L +1).

The proof of Proposmon 1 is given in the Appendix.

The power of data symbols maximizing SNR is

then given by

eff.eqh
: & (T))oiT
# Pl b 21
(o] T— T; (21)

The optimum value of the effective signal-to-noise can be
approximated by
d2 a2 A(T, (

”’Ll7l
402

p) (1= (1))

SNR
LT;

eff’eq O (22)

Simulation results

Figure 2 shows the BER at the output of the MAP equalizer
with respect to SN R, s ¢ for Channel3, T = 256 and 07 = 1.
We consider the scenarios given in Table I. According to (20),
the theoretical values of the optimal length of the training
sequence and the 2optimal pilot symbol power are respectively
Ty = 23 and 0, = 1.18. Simulations in Figure 2 confirm
that the MAP equahzer best performance are achieved when
T, =T, and a =0

D

Scenario | Tp 012,2
S1 7 0;2
2 |s0] of
3 |10 ]| o
s¢ | 1y | 0750
ss | 1| Lso;

TABLE I
SCENARIOS CONSIDERED IN FIGURE 2.

B. Maximization of the effective channel capacity
In the following, we define C.ss, the effective channel
capacity as:
17—

Cesr = 3

T
Plog (14 SNR, 1 (Ty.0))  (23)
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Fig. 2. BER versus SN R s: MAP equalizer performance for different
values of T}, and oz for Channel3, T = 256 and G't2 =1.

We want to solve the optimization problem given by:
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Fig. 3. Effective channel capacity versus o2 for different values of the length
of the training sequence, L = 3, T' = 256, af =0.2 and 02 = 1.

0.9

0.8r- N
T-T,
max Coyy ng,a)Qz 1 ol i
dpin 00T (T—Tp)(Tp—L+1)(1—a)
log (1 + 2 TT, (Tpr)(Tpr+1)(17a)+LaT,,)
s.L. @ |
ro < Tp <T 05f .
O<ax<l o
Let z, « € R, and “l p:izjzi
p=
T - d2,,,a0?T —L+1)(1— T woap |
gl(l',Oé) — xlOg 1+ mzna;—t (:E + )( Oé) ) P:BdB
2T 4o (T—z)x—L+1) 1—a)+Laxj,| p=6aB |
Hence, Cetf (Tp, ) = g1(Tp, ). b |
Proposition 2 The length of the training sequence and the
training power maximizing the effective channel capacity are o e

given by

Ty = argmaxye |y« [y*] g1(y, a*(y))
iz _ (1—a*(TZ*)){ch§/TJ v (25)
9 = T
where a*(x) = % V)*AL(?M’ Alx) = (T —z)(x — L+ 1),

and y* = arg min, <,<r L%(m, a*(x))‘
The proof of Proposition 2 is given in the Appendix.

Simulation results
Figure 3 shows the effective channel capacity as a function
of the pilot symbol power for L = 3, T = 256, 07 = 0.2
and o = 1 for different values of T},. By using (25), we have
Ty =13 and o';z = 0.46. This is confirmed by the simulations
since the effective channel capacity is maximized for these
values. Figure 4 shows the effective channel capacity as a
function of T}, for L = 3, T' = 256 and af = 1 for different
values of p = 1/0%. We notice that the length of the training
sequence maximizing the effective channel capacity grows
when the noise variance at the input of the MAP equalizer

T
p

Fig. 4.  Effective channel capacity versus Tp for L = 3, T = 256 and
UtQ =1 for different values of p.

increases. Table II gives the values of T and agz obtained

by solving (24) for different values of o?. We suppose that

the total length of the burst is 7' = 256, the channel memory

length L = 3 and p = 8dB. When o7 increases, T,y decreases
2

and 0; increases.

V. CONCLUSION

In this paper, we consider the problem of optimizing the
training sequence length when a MAP equalizer is used.
We study two cases: the case where the training and data
powers are equal and the case where they are allowed to be
different. We define an effective signal-to-noise ratio and an
effective channel capacity for the training-based transmission
scheme. We find the training sequence lengths maximizing
these quantities in the case of equal powers. When the powers
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o? T3 oy
0.1 15 0.18
0.2 13 0.42
0.5 10 1.42
1 9 3.15
2 7 8.38
5 6 25.30
) TABLE 11
T3 AND 07" MAXIMIZING Ce s VERSUS 07 FOR T = 256, L = 3 AND
p=8dB.

are allowed to be different, we also give the optimal power
allocation.
VI. APPENDIX
A. Proof of Proposition 1
Let {z,a} € [L, +oo[xR% and

aold?,.. ozl !
| .
hlz,0) === ( T (T=2) (x—L—i—l))
Thus, SNReff,eq,B = fl(Tp,Oé).

Now, consider the following relaxed optimization problem:

max fi(x, )

S.t.
26
ro <z <T (26)
O<axl
2
Since, %le < 0, f1 is concave with respect to «, for a fixed

value of x. Thus, when z is fixed, fi; has a unique maximum
achieved for o = o*(x) such as

o (z) = A(z) — \/A(z)Lx
A(x) — Lx
where A(z) = (T'—x)(z—L+1). Notice that 0 < o*(x) < 1.

Hence, by using the combinatorial optimization [11], the
solution of (26) is:

27

(15.0%) = (org max fim,a” (), @*(75)) @9

ro<

where m is an integer.
Let 2 € [L, +oo[ and

1(,I>—f1(l‘,0é (x))_ 402 \/W—I—Lx ( )

As F{'(x) < 0, for € [L,+o0o[, F} is concave. Thus, F}
has a unique maximum reached for z = z* € [L,+oo[.
By calculating the derivative of I}, we can show that it is

maximized for z* =+/TL —T.
z* > ro.

Let (T1,a;) be the solution of (19). Suppose that 77 ¢
{|lz*|, [=*]}. Hence, there are the two possibilities: 77 <
|z*| =21 or T1 > [z*] = z2.

As %Zél (z,a) < 0, f1 is concave with respect to x for a fixed
value of a.

-If Ty < 1 < xo, we have fl(Tl,Oq) > f1($1,0(1) >
f1(z2, 01). Hence, f1($2aal) %(Tlaoél) < f1(’»827a;2):£11(£1-u1).
On the other hand, f; (x «) is concave with respect to

x for a fixed value of «a. Thus, fl(“’o‘;;:?l(n’al) >
fl(“’o‘;z):fl(“’o‘l) which is impossible.

- If T1 > xg > T fl(I , o ) > f1($2704*) > fl(Tl,Oé*).
Hence, fl(Tl’O‘T)_f’;i(w ) fl(Tl’aqil):g(”’a*). On the
other hand, fl(x ) is concave in x for a given value of
a. Thus, L0Le)=h@net) > Ao )= hie0t) yhich js

Ty —x* Ty —xo

impossible.
Thus, the training sequence length maximizing the effective
signal-to-noise ratio is

T3 = ar

max r,a"(x)).
gme{tzﬂh*]}fl( (x))

If7T < then z* < rg. As F} is concave, T* =70.

L =r
In conclusion,
T; = ('I’; — ’I"())Jr + To- (30)
B. Proof of Proposition 2
The effective channel capacity can be written
as  Cesr (Tp, a) =  gi(Tp,a) where g¢i(z, o) =
1T T in @02 T (T—z)(z—L+1)(1—a)
IOg (1+ 402 T—z (fo)(ifgz+1)(1fa)fl/ax)’ for
{x,a} € [ro, +oo[xR%.
2
Since, %921 < 0, g1 is concave with respect to « for a fixed

value of x. Thus, when z is fixed, g; has a unique maximum
reached for « = a*(z) such as

Alz) —
Afz) -

where A(xz) = (T'—x)(z — L+ 1). Note that 0 < o*(x) < 1.
Hence, the solution of (24) is [11]:

A(ac)Lx

a*(z) = 31

(T, ,a") = <arg max gl(m a*(m)), a*(T;)) (32)

ro<m

where m is an integer.
Let z € [ro, +oo[ and

Gi(z) = g1 (2, 0" (x))

(7 _ ot Td i w—L+1 (33)
— (T — ) log <1+ 14, W(z)mm).

As GY(z) < 0, for x € [rg,+o0[, G is concave. Besides,
G/ (T) < 0. Thus, we consider the two possible cases:

-If - Gi(ro) < 0 & |Gi(ro)| = ming,<o<r |Gy (2)]
& |G (ro, @ (r0))| = miny o<t | G2 (2,07 ()],
then T, = r¢ and o™ = a*(ro)

-If  Gi(ro) > 0, then according to the theorem of

intermediate values, there exists a unique y* €
|70, T[ such as %(y*,a*(y*)) = 0. Hence, T =
argmaxycy|y+ | ,[y+1} G1(y) and o* = o*(T}).
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