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Abstract— Usage-based or congestion-based charging schemesis a solution, and has become a topic of high interest (see [2]
have been regarded as a relevant way to control congestion dn [3], [4] and references therein) thanks to its influence @rsis

to dliﬁ_ere”“?‘te. Serf"icgs %m(.’g% users in te'ecomrp“”icaﬁl" net- pehavior (see for instance the experiment that has been con-
WOTIKS; aUCthnlng or bandwidt appears as one or several pssi- ducted at UC Berkeley [5])

bilities. In a previous work, the authors designed a multi-bd auc-
tion scheme where users compete for bandwidth at a link by sub  Currently, Internet communications are priced indepetigen
mitting several couples (amount of bandwidth asked, assaied  of ysage, which is an incentive to overuse the network: Sku an
unit price) so that the link allocates the bandwidth and computes Varaiya point out the lack of incentive for congestion cohin

the charge according to the second price principle. They sheed . . .
that incentive compatibility and efficiency among other properties  L6]- They prove that users do not have interest in conforrtong

are verified. We propose in the present paper to extend this seme ~ the Transport Control Protocol (TCP) congestion contiotes
to the case of a network, by using the properties/assumptiathat  other aggressive strategies lead to a higher throughpuw- Ho
the backbone network is over-provisioned and the access netrks  eyer, if all users choose such a strategy then the netwoférper

have a tree structure. mance collapse. Current research therefore focus on thgndes

Index Terms—Control theory, Economics of pricing mechanisms that would lead to an efficient allmrat
of network resources. The different main families of pragzbs
I. INTRODUCTION schemes are pricing for resource reservation (throughsacce

Many people argue that congestion pricing for communicg§Nntrol) [7], pricing for priority [8], pricing for a givenrans-
tion networks is a pointless problem, since the availabpaca fer rate [9] or auctioning [10]. In particulasecond-price auc-
ities are (or will soon be) so large that congestion will mevdions are extensively studied, because of their incentive prop-
occur. This might be true for backbone networks, that aféties. In [10], MacKie-Mason and Varian suggest the use of
steadily re-dimensioned using the latest available teldgims & Smart market, a per-packet auction to solve congestidmpro
and allow tremendous communication rates. However, movilfgns through pricing. Reictet al[11] also suggest to use Delta
data from the network backbone into houses remains a magdictions, a kind of second-price mechanism in the case where

challenge for bandwidth-demanding applications suchigfo there are several Internet providers. However, the efiogier
stance digital-video broadcast, since wires used in lauaps those schemes is not established analytically. Lazar amiege

are provisioned for voice-grade analog service and do tmwal Nave introduced the Progressive Second Price (PSP) asction
high-speed data services. This problem is known as the “I4&¢] t0 price the available bandwidth of communication 8nk
mile bottleneck”; while major backbone routes are awash f'd obtained analytical results, concerning incentiveseft-
optical fiber that they will not use for years to come, repiaci ¢'€Ncy-
all “last mile” communication links with optical fibers wadl In [13], we have designed the so-called multi-bid auction
be too costly (estimated at $500-$1500 per household [ag), apricing mechanism, a one-shot auction-based scheme te shar
therefore is not likely to be applied. The problem is evenenothe capacity of a single communication link among several
present in wireless LANSs, in which the wireless link is the-bousers. We have suggested that each user submit several bids
tleneck. when establishing a connection, and that the corresponding
Consequently, when several users share the same accessmelti-bid profile be used to compute efficient allocationsl an
work (like in hotel rooms, apartment units, offices or otheprices. The multi-bid scheme, that is highly related to the P
multi-unit buildings), congestion is very likely to occufFhis gressive Second Price mechanism (PSP) of Lazar and Semret,
stands especially when considering new services that are mivas been shown to verify several desirable properties mser
and more bandwidth-consuming. Therefore, a fair/efficleayt  of incentives and efficiency. Moreover, since PSP auctieesin
to share the available resources among users needs to gk foartonvergence phase for the submitted bids, implying tinre bu
The problem lies essentially on incentives: how can we forcken and signaling overhead, we have proved that our one-shot
selfish users to cooperate and share the resource effiéenthulti-bid auctions are better adapted to the pricing of rime¢
Similarly, it may be desirable to give preference to cert@a- communications which open and close sessions over time, and
sions or users. How can that be implement@dieing appears where signaling traffic uses bandwidth that is lost for comimu
This work has been partially supported by the INRIA projeCcati(.)ns. The loss of eﬁicigngy of PSP .in Fhis_ context was-stud
PRIXNET (see http://wwirisa.fr/armor/ Armor- fed in [14], and the superiority of multi-bids in terms of Isel
Ext/ RA/ pri xnet/ ARC. ht m revenue and efficiency was highlighted through simulations



[15]. Another advantage of the multi-bid scheme is that #slo tive compatible and efficient scheme for Internet netwohled t
not require any synchronization among users: a user mayt bigoeovides instantaneously allocations and prices, witimeetd-
any time (without needing to know the bids of other users), ping the convergence of a bidding algorithm as in [12] or oftsen
tentially modifying the allocation and price of other usergil ing rates versus prices as in [9]. Moreover, the computation
the end of her session. Therefore, there is no guaranteepf kecomplexity of the mechanism is distributed among the nofles o
ing an initial allocation during a whole session, allocati@nd the network.
prices being updated at each new/end of connection.

However, [13] only considers the case of a single commu-
nication link, whereas PSP was also shown to apply to inter-
connected networks [16]. This paper aims at extending muft- The network
bid auctions to the case of a network. Since our goal is toWe assume in this paper that congestion may only occur in
charge for Internet communications, we use the partictiacs access networks. Access networks (the last mile) are consid
ture of the current Internet network, which involves an eveered here to have a tree structure, i.e. for each user there is
provisioned backbone network and access networks wittea tane and only one path to reach the congestion-free backbone
structure. Indeed, each access network can be modeled tretvork. This vision of a network is represented in Fig. 1,
way, as described in [17]: customers are not directly coteukcillustrating that several users may have to share some iinks
to high-speed backbone networks, but rather to “local” sscethe access network to reach the backbone [17]. Notice that Fi
networks, which are then connected to regional networksnth 1 displays a schematic vision of access networks, in theesens
selves being connected to national backbone networks.eTh#rat the technology and transmission protocols that are aise
exist several justifications in the literature to use théetiopol- not specified. What we represent by a link actually means the
ogy for access networks, for instance in the case of religbil resource that has to be shared among users to reach the next
versus costs trade-off [18] or in [19], where an IP-basediarc point to the backbone; the first link is frequently a coppegibi
tecture for broadband multimedia services is describeds Ittal Subscriber Line (DSL) connection, or a Local Area Networ
for instance shown in [18] that the tree topology reducesifina(LAN) with CSMA/CD, or a WLAN, which may be connected
cial and engineering costs for access networks. We thereftw the backbone via a wired or wireless link (802.16 WMAN for
design the multi-bid auction scheme in that context of a trémstance). As an example of topology for the upstream links,
structure, and investigate the properties of this mechanés- the tree-topology advocated in [19] relies on a two-levek-hi
pecially focusing on incentives and efficiency. The case ofaachy of Synchronous Digital Hierarchy (SDH) rings, where
general topology is left to future research (see the coimi)is residential users are connected to a second-level ring &LxD

The paper is organized as follows. Section Il presents thger copper, while business users can be connected ditectly
model considered in this paper by describing the networéltop the primary ring by SDH fiber connection. The authors argue
ogy and users behavior. We describe the principle of multhat this tree topology simplifies a number of functions sash
bid auctions and some basic definitions in Section Ill. $ecti routing and addressing.
IV then presents how the mechanism introduced in [13] can be

Il. THE MODEL

on

adapted to the case of an access network, and the desirable th P T

oretical results (individual rationality, incentive coatjbility, Sooooooo cooocooos
efficiency) are respectively derived in Sections V, VI, \@ec- pooosene poooomnn
tion VIII deals with the bids repartition while Section IXust- = seojoas

ies the number of bids that should be allowed by the auctionee Congestion-free

We conclude in Section X by giving some directions for future |cccocooo

work. i
Note that some (but not all) proofs and discussions are simi- =

lar to those presented in [13] for the case of a single linkvede

theless, we include them in this paper to make it self-coethi

The tree-topology assumption made in this paper, that we be-

lieve to hold in the Internet (see [19]), significantly sirfipls

the allocation problem compared to a general network where

. . g.1. Network topology

routing also has to be taken into account, or to loop-free net

works where the allocations on all links interact. Nevelghs,

this model highlights new difficulties: in particular the - ~ We also assume in this paper that users wish to access ser-

nism has to ensure that no bandwidth is spared, i.e. a uder wites which are located in the backbone network, that is edvir

not obtain more bandwidth on a link closer to the backborer-provisioned network (thanks to optical fibers). Faarex

than obtained on a downstream link. The mechanism need$te with video on demand, the video server is directly cotebc

be carefully designed to cope with such constraints. As colie- the backbone and is not bandwidth-limited, i.e. video can

cerns the analytical proofs of the mechanism properties, the downloaded with transmission rates larger than the -avail

pivot result is Lemma 5, which is entirely new with respect t@ble rates in access networks. As a result, a user may only

t-he single-link (?as.e of [13]. We therefore consider th(? appl THow our multi-bid scheme can be adapted to CDMA networks ésdeed

tion of the multi-bid scheme to such networks as an Import""th[ZO]. For TDMA and FDMA networks, the problem is similar that of

extension of [13], since to our knowledge, this is the firseim-  wired networks since there are no negative externalitiestdinterference.

backbone network




create congestion in her own access network, due to theievetd, 4, 1%, (° for instance. Notice that if"°°* denotes the link

mensioning of the backbone. The problem can consequerdiyectly connected to the root of the tree, i.e. to the baokbo
. . . . root

be reduced to a problem of resource allocation on indepand@fic°! = ! in Fig. 2), thenr! ™ = 1forall i € 7.

access networks modeled by a tree structure as in Fig. 2

Fig. 2. An access network: arrows represent the users’ patihe backbone
network. The thickness of the link is for its capacity.

Itis assumed here that the resource of each link can be sha?

among users and allocated in whatever proporfidgheough

specific protocols. The allocation can be realized using RSV
[21], [22], a Resource Reservation Protocol scheduled epbe

plied in the IntServ architecture [23]. IntServ is not likeb be
used in large networks due to the scalability issues it saisgt

thanks to the assumption that the backbone is uncongelsted, t

B. User preferences

Since we assume in this paper that users will react to a gricin
scheme so as to maximize selfishly their utility, we will stud
our mechanism in the framework ghme theory26], and then
talk indifferently of users and players.

We suppose as in [12], [13], [27] that the only performance
measure users are sensitive to is the bandwidth allocated to
them. Of course they are sensitive to the price they are eldarg
as well. We assume that their preferences are represented by
quasi-linear utility functions. This means that foe Z, user
i's utility is the difference between her valuatiép{(a;) of al-
locationa; (her willingness-to-pay) and the prieg that she
actually pays:

Ui = 9,-(@,-) — Cj. (2)

The theoretical results derived in this paper are obtained f
@a/ers with elastic demand, and smooth valuation funstion
such that
Assumption 1:For anyi € Z,

« 0, is differentiable and;(0) = 0,

« ¢ is positive, nonincreasing and continuous

e Iy, >0,Vz>0,0/(2) > 0=Vn < z,0(z) <6(n)—
Yi(z —n).

complexity is located, and reduced, at the edges of this-backASSumption 2:3x > 0,Vi € 7,

bone networks, i.e. at access networks. Note that condiergtra

the complexity to the edges of the network is similar to Diff- ¢ V2,22 > 2" > 0,6;(z) — 0j(z) > —r(z — 2'). _
Serv architecture [24], where it is performed in a more gen- Notice that these assumptions were first introduced in [12]
eral context. Another solution was recently proposed irf,[250r the analysis of Progressive Second Price auctions.

where CLAMP, an algorithm for differentiated capacity abe

tion by Curtailing the Large TCP Advertised window to Max4||. M ULTI-BID AUCTIONS; MESSAGE PROCESS AND BASIC

imize Performance, is introduced. This algorithm, whiclais
means to allocate the capacity of an access network in any dey.
sired proportion, operates closely to a work conservingrigou

Robin scheduler with service rates. Implementing the nhitti

scheme using existing protocols is the subject of a currerkw
From our topology assumptions, two interacting trees int

act only in the backbone. Since the latter is uncongesteg,

have no influence on each other. We therefore consider a tg%
network with a set of links, and denote bg)' the finite capac-

subscripts to refer to players, and superscripts to refknks.
Considering that all players i do not use all the links irt,

we point out those required by playeto reach the backbone

network by the binary values

. | 1 if players uses linkl
i = { 0 otherwise ()
We also define the route of playeby r; = (r}),c.. In the
example of Fig. 274 = 1forl = ',/ andr} = 0forl =

2We assume here the resource of each link infinitely is dilgsihis might
seem unrealistic, since for example with TDMA, time slote ardivisible.
However we assume that it is possible to allocate for exara@etime slot
to a user, giving her one time slot every five frames.

DEFINITIONS

In [12], Lazar and Semret introduced the Progressive Sec-
ond Price auctions, suggesting that players should sulmit t
dimensional bids of the form; = (¢;,p;): ¢; represents the
amount of bandwidth that playéis asking angh; the unit price

Shat she is accepting to pay to get this quantity. The mudti-b

uction scheme we are going to describe now allows players to
Bmit simultaneously several such two-dimensional bids.
The message process is as follows. A playentering the

. . : i.e. establishi ti bmit at/ pfwo-
network is denoted b{. Throughout this paper, we will use%Same (1.e. establishing a connection) submits a séfofwo

dimensional bids; = {s},...,s'}. In a multi-bids;, for all
m,1 < m < M;, s is a two-dimensional bid as defined in
the PSP schemes® = (¢, p") € R3. We assume without
loss of generality that bids are sorted such fijat p? < ... <
p™Mi. From themulti-bid profiles = (s;)cz, the access network
administrator, that we will also name the auctioneer, caepu
for each playei € 7 the allocations; on playeri's route and
the pricec; she will be charged. To emphasize on player
multi-bid, we will also sometimes write = (s;, s—;), where
s—i = (85)jez\{i}-

Notice that with that definition of the allocation scheme, no
synchronization is needed as concerns bid submissionsaall
tions and prices are recomputed after each departure valarri
of a user. This implies that a user may obtain some resource



when entering the auction, and her communication can be mod- p
ified if a new user arrives or another one leaves. In [11], Re-q! —31
ichl et al suggest the use of a Connection-Holder-is-Prefered-g2 3_.5i2
Scheme (CHiPS) to give users that have a communication under 5 S
way a chance to raise their bid. We imagine a similar extensig 1 4i(p) 2 T e
to our scheme, where user valuations are different if thainc g L y '
munication has begun or not; we would therefore consider two Y o 0 )Lﬁz
multi-bids for each user: one multi-big°™"**would reflecther g Gi(p) Sg o o8
preferences as concerns the beginning of the communigation e '
and the secongl®? would reflect her valuation for the commu- 0 p! p? p? p 0 ¢ @ q q
nication in process. Since those considerations do notfyodi Prices Quantities
the theoretical results of this paper, we study the simplase Fig. 3. Demand and pseudo-demand functifief), marginal valuation and
where only one multi-bid; is submitted. pseudo-marginal valuation functioigght) for M; = 3 and a truthful multi-
In the following, S denotes the set of multi-bids that a playepid:
can submit:
S = U (RT x R*)M ., with (R x R*)O = (. The demand, pseudo-demand, marginal valuation and
M>0 pseudo-marginal valuation functions are illustrated ig. F3,

for a truthful multi-bid.
Remark: Both pseudo-demand and pseudo-marginal valua-

5 = 0_' . ‘ ) tion functions are positive, stair-step, nonincreasing kaft-
Definition 1: We say that a player € 7 submits atruthful

Remark:If playeri submits no bid /; = 0) then we write

lti-bid Sif s — 0. orif continuous.
multi-bid s; € 51T-s; =¥, ori For players who bid truthfully, we can compare the pseudo-
Vm, 1 <m < M, p* = 0.(¢™) demand and pseudo-marginal valuation functions to theal"r
This means that player actually reveals her marginal valugcounterparts:

0/(¢;) i she obtains quantity;. Lemma 1:Under Assumption 1, if player € Z submits a

We write ST the set of truthful multi-bids that can be submit!Tuthful multi-bids; then
ted by playet. =

For every playei € Z, there is a demand function associated ij < df (5)
to the valuation functio;. This demand function gives the 0; < 0. B (6)
quantityq of resource that playerwould buy if the resource  Proof: Letz € R*. If di(x) = 0 thend;(z) < di(z) is
were sold at a fixed unit prige in order to maximize her utility ter(;aL sinced; > 0. If we assume that;(z) > 0, thens; # 0
9,‘((]) — Dg. an 7. _ m ., . m

Definition 2: Under Assumption 1, thdemand functiorof di(z) = 155&53\@{% Sl
playeri € 7 is defined as the function = g™ withp™ >z

0))"L(p) if0<p<60 = di(pi™) < di(x)

0 otherwise. . . . .
Notice that Assumption 1 implies that the demand functioffn€"e the nonincreasingnessdyfis used. Relation (5) is then

is well-defined and nonincreasing. proved.. . . . .

To compute allocations and prices, the auctioneer uses twd<€lation (6) is established exactly the same way by invgrtin
types of functions for each userherpseudo-demand functionthe roles of prices and quantities. u
and hepseudo-marginal valuation functioBoth functions de-  F19- 3 illustrates Lemma 1.

rive from the multi-bids, submitted by playerin the following ~ -€Mma 1 can also be used to establish some results on the
composition of the pseudo-demand and pseudo-valuatian fun

way: -omp
Definition 3: Consider a playei € 7 who has submitted a 1oNs: .

multi-bid s; € S. Lemma 2:Vi € Z,Vs; € S,

f. W?_ cagpsIELido—dﬂginadnci_fur:jcgmfi associated witly; the Ve e RY, B(d(xH)T) < %

unctiond; : — , defined oy s 7& 0=V e [Ovp'fwi]a _;(Jz(l‘)) >z, (8)
_ 0 if s; = QorpM <p .
d,(p) :{ max {qu :p;n > p} otherwise. V.Vh.ere fOI’f : R — R, f($+) = hmz—wj;7z>g; f(Z) when the

1<m< M, limit exists.

(3)  Lemma 2 is proved in Appendix I, and will be used in the
¢ We call pseudo-marginal valuation functioof ¢, associated rest of the paper to establish our main results.

with s;, the functiond} : R* — R, defined by Based on the pseudo-demand functions of all players, the
0 if s — 0 orgl auctioneer can approximate the total demand function aar e
0. (q) = m.m s tf"‘ =vorg; <gq link, in order to determine the level of congestion:
’ 1 <mffx< ML{pl tg* 2 ¢} otherwise. Definition 4: Consider a set of playetise 7, each submit-

(4) ting a multi-bids; € S. We callaggregated pseudo-demand



functionassociated with the profile = (s;);cz the function Alg. 1 Allocations on a tree

d: RT — R* defined by Input:
B - « the tree network defined by the sétof links, and the
d(p) = Z di(p). 9) capacitiexQ!,l € £
i€l « the set of playerg and their routegr;,i € 7}
« the multi-bid profiles.
IV. MULTI-BID AUCTIONS FOR A TREE NETWORK 1) For all players € Z, define theevised multi-bids, as
A. Modified allocation rule for a single link 8; = Si-

2) Pick a leaf-linkl € L (i.e. a link with no downstream

In [13], we introduced the multi-bid allocation rule for asi ;
link), and lets;: = (s;);ezt-

gle communication link. This rule implies the computatidrmo

“pseudo-market clearing price, which is defined as the high- a) Compute‘/ = u(sp, Q")) andaj = a;(sz:, Q') for
est unit pricep such that aggregated pseudo-demand is strictly alli e T, applying Equations (10) and (11) to the
above the available capaciy of the link. Such ai always revised multi-bidg;., i.e. using the allocation rule
existed because the seller introduced a particular bid $aren onlinkl. . o _
that the resource will not be sold at a unit price below a @erta b) Vi € I', modify the revised multi-bid the following
level, called the reserve price. In this paper, we choosegmot way:

introduce such a reserve price. Consequently, the definitio o sets; = 5, \ {s]" : /" > al}.

the pseudo-market clearing prigeand the allocation rule need o if af > 0anda’ > max{p; : (¢/",p}") € s,},
to be extended to the case when the aggregated pseudo-demand then sets; = s; U {(al, ')} (we takemax{()} =

is below@ (which means that there is no congestion): we there- —00).

fore introduce c) Setl = £\ {l}, i.e. delete link from the tree

3)if L#ADgoto2
else returna = (all‘”wt , aé"oot, " af;o‘ot)

_ max{p: d QY if d(0)>Q
a(s.Q) = { grtrider =@ A28 ao)

We can now define thenodified multi-bid allocatioru; of a

playeri as omitted the superscript°°t for simplicity of notation. We then
- . - s suggest that each usee 7 be allocated the quantity of band-
0:(5,0) = {Cfi(u+)+ % [Q—d(a")] ifd(0)>Q  widtha, on each link of her route to the root of the tree (i.e. to
’ d; (0) if 4(0)<@Q. the backbone network).
(11) Notice that the algorithm ends just after the computation of
When the available capacity is not high enough to satisfy allocations for the link directly connected to the root od thee
pseudo-demand, (10) and (11) ensure that each playeresceflink ' in the example of Fig. 2). The aim of the algorithm
the bandwidth asked at the lowest price such that supply ex- is therefore to judiciously modify the revised multi-bid alf
ceeds pseudo-demand, and that the surlusd(u*) is pro- players, in order for the allocation rule (11) to have therdéxde
portionally shared among users who introduced a bid at pripeoperties, i.e. making sure that demand (and then allmcgti
u, with weightsd; (a) — d; (a™). on next links cannot exceed the allocation on the currekt lin
Notice that (10) and (11) are respectively equivalent to tHihis is done in Step 2b of the algorithm, and Fig. 4 illustsate
definition of the pseudo-market clearing price and the rhitti  that this is equivalent to revising (meaning upper-bougjiine
allocation rule in [13] when a reserve price is introducedhsy pseudo-demand; of a playeri € Z' into d;, in the following

seller. way: B
d; = min(al, d;). (12)
B. Allocation rule for the tree network Consequently, for each playee Z we have
The algorithm we introduce here is inspired by the extension
d P y a; = al f = min{al,l € r;}. (13)

of PSP auctions to a tree network (see [28]). The algorithm
starts from the leaves of the tree, and works toward the root,
computing allocations for each lirike £ using the above mod-

ified multi-bid rule, among the subset of play&fsvhose route o
includes that link, i.eZ! = {i € Z : ! = 1}. The idea s to
proceed by revising the multi-bid profile used to compute-all ., iseq multi-bids from its downstream links, computeslthe

cations after having applied the rule (11) in order to take in.5| aiipcations and the new revised multi-bids, and themstra
account the fact that users are only sensitive to the minimqm,[S them to the link upstream.

amount of bandwidth they obtain on all links toward the root.

The revision of the multi-bid profile ensures that a playdt wi

never obtain more resource at an upstream link than what scﬁ'e Example

gets at the current one. We illustrate here the allocation rule applied to the nekwor
Alg. 1 describes in details how allocations should be conaf Fig. 2, with link capacitie®)!’ = Q" = 10,Q" = Q" =6,

puted. It returns a vectar = (a1, ...,a/z|) € RE, where we Q" = Q' = 4. We assume thati, playeri submits)M; = 3

Notice that allocations on an intermediate link are comghute
cally, and that the only information needed is the revised
multi-bids of all players using that link: each link recesvibose



q q Step 2 of the algorithm is applied to the (remaining) netwafrk
—® di(p) Fig. 5 with those revised multi-bids. Now the allocationerul

Quantities
o
[}
Quantities

o
S
©

o
©

Prices Prices

Quantities
Quantities

Fig. 5. The links that remain to be treated after applyingatigerithm on links
—e —e 12,13,15,16.

0 ao p 0 . p is applied to linkl*, which has capacitﬂ)l4 = 6. Players who
Prices Prices compete for capacity on this link are playeér$ and7. The

Fig. 4. Effect of the revision of multi-bids (Step 2b of Alg): Imulti-bid of ~pSeudo-market clearing price #@' = 5, and after Step 2b of

playeri (and associated revised pseudo-demand functimefeyeStep 2b (left) the algorithm, the revised multi-bids that will be used foe t

and after Step 2b (right), i.e. upper-bounded by the current allocatiTwo . . . . .
cases are presented: the case when plagebmitted a bid at prica! (top) COMPutation of the allocations at liik are given in Table II1.

and that when playerdid not submit such a bid (bottom).

51 Sy S3 S S5 | 86 | 57
(7,2)\ | ((4.4)
4 2
two-dimensional bids in her multi-bid. At the beginning bét (538) (El’;;) (4,5) 11 (3,5) (8’57)%) 0 {(3,6)
algorithm (Step 1), the revised multi-bids are equal to the ’ ’ (3,6)/\(2,6) ’

multi-bids s; submitted by the players. Consider seven users as TABLE III

shown in Flg 2’ SmeIttmg the multi-bids of Table . THE REVISED MULTI-BIDS USED TO COMPUTE ALLOCATIONS ON LINKI®.

S1 S2 53 S4 S5 S6 S7
(6,6)\ | ((6,5)\ | ((7,2)\ | ((6,4) | ((8,4)\| (4, 1)} | ((6,3)
@) [ 3,7 | (4,5) )1 (3,5) || (6,5) ||| (2,2) ||| (4,4) Finally, the computation of the pseudo-market clearingepri
(3,9)) 1\(1,8)/ | \(3,6)) | \(2,6)) | \(2,7)/ | \(1,4)/ | \(3,6) for link I* givesi! = 6, and the allocations are
TABLE |

ay | as as a4 | a5 | Ag ar
412107510521 010.75

THE MULTI-BIDS SUBMITTED BY THE USERS

It can be checked that the capacity constraints of all limks a

There are four leaf-linkst?, 1*,1°,1°. Consider linki? first.  satisfied with this allocation vector, i.€l € £,>", rla; < Q.
We haver!” = {1,2}. The computation of the pseudo-market
clearing price gives@l2 = 7, and the corresponding allocation
(Eq. (11)) yieldss!” = 4 andal’ = 2. After Step 2b of the al-
gorithm, the revised multi-bids of players7i are respectively _ The pricing rule we choose is highly related to Vickrey-
s; = ((4,8);(3,9)) ands, = ((2,7); (1,8)). We then remove Clarke-Groves mechanisms [29], [30], [31]: the idea is that
link 12 from the tree, following Step 2c of the algorithm. each player should pay for the declared social cost she iespos

Doing the same on link&®, I and 6 respectively leads to ON others through her presence (this is called ekelusion-
the pseudo-market clearing pric@@ — 4,4 = 0andi!® = compensatioprinciple, which lies behind second-price mech-

4, and the revised multi-bids are displayed in Table II. NexgniSmSs). The expression of the prigecharged to a playeris
therefore the same as in the single-link case [13]:

D. Multi-bid pricing rule for a tree network

S1 So S3 S4 S Sg Sy a;(s—1)

7,20\ [ (LA [ ((3,9) cilsiysi) = / P (de.  (14)
4,8\ ((2,7) (3.5,4) , > o Bila)da
e leaer|(es)

TABLE Il The computation ofa;(s—:))i jez is done during the ap-
plication of Alg. 1: each link computes(aé)jezl, taking into
account the whole multi-bid profilg and at the same time does
the same with the multi-bid profiles_;);c 7.

THE REVISED MULTI-BIDS AFTER THE PROCESSING ON LINK$2, 13,15, 16,



On the example of the previous subsection, we obtain tfiE3]. We first introduce some definitions that will play a aaiht

following prices: role in the demonstrations:
Definition 5: We denote byu; the highest pseudo-market
Ci|C2| c3 |ca|Cs5|C6| CT pricea' (computed in Step 2a of Alg. 1) among the links used
25112 (45| 3 |12 0 |45 by playeri:
@; = max{a' : vl =1}, (15)

Notice that players who do not obtain some resource are not - . S .
charged. We also defing; as the highest linkin 4’s route such that; =

u;, where the term “highest” is in the sense “most upstream”.
) ) ) Link I; can then be seen as the “most congested linki"sn
E. Computational considerations route.

This section studies the computational complexity of th@n the example of Subsection IV-C, we haye= 7 andl; = [?
multi-bid scheme. Let us consider a tree netwdrkwith a fori € {1,2}, whereasi; = 6 andl; = I* for the other players.
setZ of players, their route§;);cz, and let us fix a multi-bid ~ We can now establish the following result, that bounds the
profile s. First remark that the total complexity is shared amorgjlocations over playei's path.
all links in the tree, each linkapplying the multi-bid allocation ~ Property 3:
rule when it receives the revised multi-bid of all player<Zin
We therefore focus on the complexity incurred at a link

¢ Weltplg_cde foursel\;]es Iat a !lﬂkaIr}d nottlc_e thlat th?hrel;cjsed The following property states that the allocation of a ptaye
Mufti-bid Tor each player < contains less than/; equals the allocation that was computed by Alg. 1 during Step

two-dimensional bids (Step 2b of Alg. 1 can just reduc : : o
the number of two-dimensional bids ). Er?kv%hen processing the most congested link for playiez. the

The computation of the aggregated pseudo-demand funCProperty 4vieT

Property 3 is proved in Appendix II.

tion needs the bids to be sorted, which can be done in
time O (3°,c M;log (3°,c71 M;)). Then the computa- a4 =a
tion of the pseudo-market clearing prigé can be per- _ L
formed in timeO (X,c1 M;). Givenal, the value of Wherel; is givenin Definition 5. -
Q' -d(a') is computed only once, therefore all alloca: Proof: The result is trivial ifl; is the link directly con-
d(a)—d(att) ” ““nected to the root of the tree. We now suppose that it is not
tions (a;);ez: can be calculated with a total complexityhe case, and establish by induction that= o’ for all link {

O(3Z; M;) (computing an allocation; with (11) can be pstream frond,, and that after Step 2b of the algorithm at link
done with complexityO(M;)). I, we have

« To calculate charge_s, the computation 01_‘ aIIoc_ations must p< = d;(p) = ai}’ (18)
be done for all profiles_;,i € Z. To do this at linkl, we
just need to compute; (s_;) for all i, j € Z', which leads
to a complexity that is less tha (|Z'| >, . M;), where
|Z'| is the number of players ifi'. Sir

« Once all allocations:;(s—;) are calculated (i.e. at link
[m°°%), a pricec; can be computed using (14) with a com-
plexity less than) . M;, since we integrate a stair-step
function with less thard/; discontinuity points.

Consequently, for each linllk the computational complexity in-
volved by the multi-bid scheme for a given multi-bid profite i
upper-bounded b (|Z!| 3", .. M;). If all players submit the

<.~

17)

whered, is the revised pseudo-demand function of playee.
the pseudo-demand function derived from the revised nlidti-

« Initialization: consider link,. Step 2b of Alg. 1, and more
clearly Eqg. (12), implies (18).
« If we assume that (18) stands before processing d link
r; upstream frond,, then:
— By definition of w; (Eq. (15)) we haver! < ;.
Therefore the induction hypothesis impliégu!) >
d;(a"*) = al'. Since (11) ensures thdf(a') > a! >

same number of bids, (i.e# € Z, M; = M), then the com- di(a't), thenal = a.
plexity at each link is less tharO(M |Z|?). — Therefore Step 2b will not change the revised pseudo-
Notice that PSP allocations and prices at lintan be com- demand function, and (18) still holds.

puted with complexityD(|Z*|?) (see [16]). Therefore, the com-Property 4 is then established by applying (18) to liffik!. m
putational time for both methods is of the ordiEli2, this being ~ We now give a lemma that will be used for establishing the
multiplied by the number of bids for the multi-bid algorithm main properties of our pricing scheme:
However, the PSP has to compute allocations and prices seveemma 5: For every multi-bid profiles, if @;,7 € Z are the
eral times (until the equilibrium is reached), and we bdithat maximum pseudo-market clearing prices defined in (15), then
even if the convergence of PSP is fast (less thaiterations), the multi-bid allocation:(s) that Alg. 1 returns maximizes
the gain in signaling overhead is worth the cost in computa-
tional time. Z Uil

i€Z

V. GENERAL PROPERTIES OF THE MULTBID SCHEME over the setA of allocationsi € Rf‘ satisfying the feasibility
This section establishes some basic properties of the-multi nstraint VieLl, Y ,erria;i <@
bid scheme for a tree network, as extensions of those pruve&? VieZ, a; >0.



A proof of Lemma 5 is given in Appendix IlI. Since the pseudo-market clearing price is necessarilyehnigh
We then have the following property stating that a playel withan0, we can therefore also note in Fig. 6 that the quantity
not pay more than her declared willingness-to-pay, andstiat da(@e)
mitting a truthful multi-bid always yields a nonnegativditi. / o (0(q) — w)dg
This is an important result, since it implies that selfistragéll &i(ay) ¢ !
always participate in the auction. _
Proposition 1: (individual rationality) is always less than
ai(s) 4
VieI,Vse ST, ci(s) < / 0i(q)dg.  (19) o Jnax { /d (pm,“)(@é(q) pZ”)dq},
0 - L\
Moreover, if playeri submits a truthful multi-bid§; € S7), wherep,”*! = 6/(0) andp) = 0.
then This last quantity is the largest shaded area in Fig. 7. @ensi
ai(s) ering the worst casethe following proposition is then straight-
o)< [ Bl =) @) fonward
0 Proposition 3: Under Assumption 1 we havg € Z,Vs; €
which implies thatU;(s) > 0. ST\ 0,V5; € S,¥s_; € SITI-1,
A proof of Proposition 1 is given in Appendix IV.
UL'(S,L', S_i) Z Ui(gi; S_i) — Ci (22)
VI. INCENTIVE COMPATIBILITY where
We now consider the reaction of selfish players that are faced di(pi")
with this pricing scheme: how can a player maximize her util- Ci = pJhax {/d ( mH)(‘%(Q) - p?)dq} (23)
= =" i(D;

ity? The following proposition establishes that a playerrua
do much better than revealing her true valuation, i.e. themn s with pMi 1 = 9/(0) andp? = 0.

mitting a truthful multi-bid. ) )
Proposition 2: If a playeri € Z submits a truthful multi- The quantityC; can somehow be seen as the worst case differ-

bid s; # 0, then every other multi-bid; (truthful or not) nec- €Nce petween real and pseudo valuation. Note@hatn also
essarily yields an increase of utility (if any) that is lekgn P€ written

S 04(a) — ) dg. ; T
Formally,Vs; € ST,V5; € S,Vs_; € SIZI-1, Pz Jhax / /W( i(q0) — 05(qi"))dq
di (a:) with ¢ = 0 andg) = d;(0).
Uisins—) 2 UiGis) = [ (0ila) ~ ada. (2

A proof of Proposition 2 is provided in Appendix V.
This result is illustrated in Fig. 6 where the shaded area cor,,

responds to the maximum utility gain playecould expect by o (02
- . S Pi
submitting a different multi-bid. 0
|

Prices

Prices

Quantities

Fig. 7. The multi-bids; = (s}, s2,s3, s#) is optimal for playeri up to a
constantC;, whatever the multi-bids submitted by others; be C; is the
surface of the darkest shaded area.

q Proposition 3 implies that a player can give a truthful multi
bid that brings him the best utility possible, up to a valtie
that can be controlled through the choice of the kitison the

Quantities

Fig. 6. The multi-bids; = (s}, s, s3, s}) is optimal for playeri up to the 5 d also be | _ der th s would
di (@) pro N It would also be interesting to consider the average casethiziwou
valuefgi<ﬂi+) (6;(q) — @:)dg of shaded surface imply that each user has anpriori probability distribution on the number of

users and their submitted multi-bids.



demand curve. One important point is that this value does not
depend on the number of other players, nor on the multi-bid
they submit.

Remark:the incentive compatibility property implies that no
user has an incentive to misbehave. Moreover, even in presen
of such a malicious user, the other rational players would no
have interest in bidding untruthfully.

VIl. EFFICIENCY

We prove now that our mechanism provides efficient alloca-
tions. The criterion we consider &cial welfare i.e. the to-
tal utility of all participants in the game, including thellse
(player0). Since the seller’s utility is the sum of all prices

Uo(s) = >,z ci(s), this is equivalent to maximizing the total
valuation of the usery, _; 0;(a;):

Y Uils) =Y cils)+y_ Oilai(s)—ci(s) =D bi(ai(s))
i€eTu{0} i€T i€l i€Z

The following proposition states that when players bidhrut
fully, this quantity is maximized, which means that the tgse
effectively goes to players who value it most.

Proposition 4: If Assumptions 1 and 2 hold, then for every

1 root
A / 3l
2/{ HleaX C

m&XZ&(&i) - Z@Z(az(s)) <@

where

i

A= {aeRf Ve L,y rla ng}

andC; is defined in Eq. (23).
A proof of Proposition 4 is provided in Appendix VI.

Indeed, social welfare (or efficiency), the performancedion
considered here, is completely different from fairnesssuess
(max-min fairness [8] or proportional fairness [9]), sirfoere
the resource goes to players who value it most.

However we have some straightforward properties that can

be interpreted as fairness properties, such as:

« if playersi andj have the same position in the network
and submit the same multi-bid, then their allocation and
charge are the same; = a;,¢; = ¢;.

« if aplayeri uses all the links that playgruses (i.e. player
1 is in a subtree rooted at the positionjfand those two
players submit the same multi-bids, then< a;.

Prices

VIII. W HICH BIDS SHOULD BE SUBMITTED?

This section follows the same principles as for the case of a
single link. We assume that a ugeintends to ensure a utility

knowledge of the bandwidth demand, there are two differe
possibilities:
« players may have beliefs (meaniagriori probability dis-

p

8i(0)

Remark: our scheme does not tackle any unfairness issues!

computed. Note that this way, the auction is a game with
population uncertainty [33]. The best strategy for user
is then to use Proposition 2 to choose her bids so as to

minimize E {fd +(as) (9’( ) — u;)dq|. However, estimat-

ing such a dlstrlbutlon on the pseudo-market price may
imply high cost for information-gathering and market ap-
praisal [29].

The alternative possibility, that we will adopt in the rest
of the paper, assumes that players have no prediction of
the pseudo-market price. Then, in order to be as close as
possible to the optimum, independently of the multi-bid
profile, a natural goal is to minimize the quantify of
Proposition 3. We further assume here that the number
of bids M; is fixed (as will be discussed in Section IX):
indeed, if player is allowed to submit as many bids as
she wants in her multi-bid, then submitting a numBbér

of bids as large as possible will makg close to zero, but
this will increase the required message process, which the
auctioneerwill prevent. Assuminiy; fixed, the multi-bid
(s}, ...,sM) that minimizesC; is such thatvm,n,0 <

19
m,n < M;,
fd i(pi")

d (p7n+1

(0i(q) —

with p;

d; )
m)dq = fd ((pvfﬂ (9/( ) — pf)dq

Mi+l — ¢/(0) andp? = 0,

i.e., considering equal values Sﬁf((p?fm (0:(q) — p)dq

vm will minimize the corresponding value @f;. In the
following, we will call quantile uniformthis bid reparti-
tion. An example of quantile uniform repartition of bids is
presented in Fig. 8.

Quantities

Fig. 8. Quantile uniformrepartition of bids forM; = 4: the five shaded zones
have the same surfacg, .

Example:For parabolic valuation functions, i.e. of the form

0:(q) = i [—(a N @) /2 + TG(g N T@)]

as close as possible to the maximum. According to the usg‘ﬁ?gh parametersxi andg;, the marginal valuation function is

0i(q) = i [a —a]"

The quantile uniform repartition of bids is then easy to com-

tributions, as in [32]) on the number of users in the ganf¥!t€: priceg;”, 1 < m < M; are such that

and on their preferences. From this knowledge, a prob-
ability distribution of the pseudo-market prigecan be

0:(0)
M, +1

az%
M;+1

mo_

p;
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IX. DETERMINATION OF THE NUMBER OF BIDS ADMITTED ConsequentlyEr [Ziel ci|M] < pmax@ for all M € N.
BY THE AUCTIONEER Therefore

According to what we said in previous sections, we assume
that the auctioneer imposes the number of bids for all ptayer Mhn+l Ez
i € T to be fixed. We further assume that it is the same value

M for all players and that the players choose their multi-bid , - .
according to the quantile uniform distribution previouslg- which ensures us that there exists a fidifethat maximizes the

scribed. expected net benefit; [>°, ; ¢;| M| — Ez [C(M,T)). [ ]

In order to help the auctioneer in fixing the valueldf we ~_ TN€ assumption thaim,; - .o EzC(M) = +oo seems in-
introduce acost function”'(M, 7) that models the negative ef-Uitive: if we account for memory Costé;(M, T) = M|Z], so
fects that are the signaling overhead, the memory storage 43¢ a@ssumption is verified as soori@s|Z|] > 0; if we account
the complexity of all underlying allocation and price cortepu fo_r com_putatlon costs as in Subsection IV-E or signalings;os
tions for a corresponding value 6. The auctioneer benefit It IS Verified as well.

= —0Q,

3 e fC(M,I)‘M

i€l

can then be computed &M, 7): Finally, note th_a'F if the expe_cteq net benefit i§ nonpositve
all M > 1, organizing the auction is too expensive for the seller
B(M,T) = Z ¢ — C(M, ), of the resource, so thatl = 0, i.e. she will prefer not to sell
the resource.

i€L

where allocations and prices correspond to the situatioenwh
each user submits exactly bids.

Since the auctioneer has agriori knowledge of the exact  This paper describes how multi-bid auctions can help in
set of users competing for bandwidth, we assume that th@sigcing and allocating bandwidth among Internet users.sit a
users come from a s@t of possible player types, characterizedumes that the core network is over-provisioned, and then un
by their valuation function (in other words, a typ@layer has congested, so that congestion occurs only in access network
valuation functiond(;)). The auctioneer is assumed to knowyhich are assumed to have a tree structure. Resource is allo-
the distribution of number of players of each typeBy on cated first to those who value it most, and the second price pri
N7 Therefore, the expected reverii| R,/ | can be computed ciple is used to compute the charge for each user. The megulti

X. CONCLUSIONS AND PERSPECTIVES

when players submit/ bids by pricing scheme is proved to be individually rational, intes
compatible and efficient (by optimizing the overall uti)ityrhe
results extend those in [13] for the case of a single link.
Ezlfu] = Ez Z; ¢ M] Multi-bids present the advantage of being a one-shot scheme
© so that users submit bids only once, and do not need any knowl-
_ / Z il | apr (). edge of the bid profile when choosing their optimal bids. The
1enT \iF signaling complexity is thus limited. Also, the scheme ddap

itself easily and quickly to changes of conditions in theessc
The following proposition shows that there exists an optim&etwork (when customers arrive or leave) without any loss of
value of M efficiency. Its drawbacks are the fact that resource reserva
Proposition 5:If the marginal valuation functions tion/differentiation has to be applied, and more impottgittis
: tin its current form applicable to a network of generaltep
0 ) are uniformly bounded by a valupn.. (that "°
( ")) e / y y Bmax ( ogy. These two drawbacks have to be tackled:
Is vt € T, o(t)(m < Pmax), and if the expected cost « the implementation of the scheme is under investigation

Ez[C)(M) = [;cnr C(M,T)dP7(Z) is nondecreasing, and iy our group. We consider several options as indicated in
tends to infinity when/ tends to infinity: Section II: either by using RSVP, like in IntServ, since

_ the complexity is located at each access network (or at the

Mlinjoo EzC(M) = +oo, edge of the network) so that the scalability issue should

not be a big concern, or using DiffServ architecture or
then there exists a finitd/ that maximizes the expected net =~ CLAMP algorithm to differentiate services among users.
benefit of the seller, i.e. that maximizes « As direction for future research, we would like to ap-
ply multi-bid auctions to a general network topology, but
[ this requires further attention if we wish to apply it in
EI Zci
€L

M a distributed manner. In that case, an algorithm with a
Proof: Applying Proposition 1, we haveZ, VM,

—Ez [C(M,T)].

convergence phase seems unavoidable since the auctions
conduced on all links may be related and influence each
other. We are currently studying mechanisms based on the

/
Zci < 4 Z 0i(ai) < . Z a;0;(0) tremendous work of Kellet al [9] and Low and Laps-
ez i€TU{0} i€2U{0} ley [34], that would take into account the fact that such
< Pmax Z @i = Pmax@- schemes form a sequential game, which raises problems

i€TU{0} in terms of incentives.



11

APPENDIX Now let us establish the right-hand side of (16). Equations

|. PROOF OFLEMMA 2 (13) and (25) yield
~ Proof: We first notice thatl;(.*) and@(.*) can respec- ;= minadd > mind!(ul*)
tively be written the following way: ler; ler;
Vi € T,Vs; € S,Yx,y € RT, > mind;(u;), (26)
ler;
(@) = v 'ft‘:]l =00rpi™ <2, \here we have used the nonincreasingness of revised pseudo-
| oo Ml{% 1pi" >z} otherwise. demand functions.
0 if s, =0org' <y We now prove by induction that
é/( ) m . ,m ht i tY _
Leme M{p Lai" >y} otherwise. p >t =Vl e, di(p) = di(p) : (27)
We focus here on (7):
oif s; =0 thenHI;VI(_.) =0<z, and (7) isxeriﬁed.Mv « (27) holds at the beginning of the algorithm singe= s;
olf s;#0 andple < =, (7) comes front;(.) < p;"". (the revised pseudo-demand equals the pseudo-demand).
e lf s; # 0 andp;”* > x then « Assume (27) holds just before Alg. 1 processes the al-
—_— mpm location on linki. The definition ofu; implies that Step
di(z™) = 1<, x {q; > x}. (24) 2a will determine a local pseudo-clearing pride < ;.

Then after Step 2b we have fpr> @'
Now let us assume tha(d;(z")") > = and see that we s
arrive at a contradiction. The fact thtd; (z*)™) > 0 implies di(p) = min(a;,d;i(p)). (28)

that we are in the case when
The induction hypothesis and (25) imply thaf >

9/(dy(zH)F) = x {pm g > di(a)) di(@t) > di(al) > di(p) = di(p), since the revised
1<m e, pseudo-demand functions are nonincreasing.
S T Relation (27) is then established, and gives in particular
Sinced.(d;(z+)*) > x,

i(d@™)T) > d'(u") = d;(u;). This last result together with (26) concludes

s = (g™, p™) € s the proof of the property. u
ﬂml, 1<my < M;: p:;nl = O:Z(dz(:cﬂ*) >

g" > di(z™). Ill. PROOF OFLEMMA 5

We now remark that this contradicts the definitionipfz) Proof. We first define for € T andz <

(Eq. (24)). Therefore (7) is verified. _ A ] o .
Now we establish (8). By definition,d;(z) = l;(x) = the highest link in i's route such that’ > = (29)

maxi<m<n;{g : pf* > z}. This means that there exists

mo < M; such that;(x) = ¢*° andp™® > x.
Consequently we have

For every userj € Z whose route includes link (), we
know from the definition ofi; thata; > @'(®) > z, mean-
ing thatl;(x) is abovel;(i;) in the tree. Note that “above”
0.(di(x)) = X P gt > @) > i > g, means that eithel;(x) = [;(a;) or l;(z) is a link upstream
1<m N, from;(u;).
From Property 4, and the fact that the allocation cannot in-
crease along the pathl i) — aJ? = a;. Thusifz > 0 we

have B
. -PROOF OFPROPER-TYS _ ré."'(“’)aj — ; i@, l = Qli@) (30)
Proof: Equations (10) and (11) imply that for all link jeT jeT

such that! = 1 we have

which gives (8). ]

as a direct consequence of (11) when the pseudo-market clear

dl( ) < gl < d4(ﬂl) (25) ing price is strictly positive. This means that the capacftthe
=M= linksin{l;(z) : i € Z,x € (0,u;]} is completely allocated.

whered! is the revised pseudo-demand function of playlr ~ Now consider two players j € Z andz € (0, ;:

link 7 just before Step 2a of the algorithm, i.e. the pseudo-, if réi(z) = 1, then we know that every linkabovel; ()

demand function associated to the multi-bjd verifiesii! < =, thanks to the definition of (), leading

Applying (13) and the fact that revised pseudo-demand func- 5 I(z) = ().
tions are lower than the original pseudo-demand functicomngf

- _ 7 Li(z) _ . 7 . -
(12)), we have for each linksuch that! — 1, o iflj(z) = l;(z) thenr/™ = 1 sincel;(z) is by definition

on player;’s route toward the root of the tree.
a; < di(@t) < d;(@). Consequently we can write

This inequality holds for all € r;, thereforen; < d;(i;). Vi, j e I,Vz € (0,a,],r' =1 & [j(x) = Li(z). (31)
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For any allocatiori; € A andz > 0, we have To prove Proposition 1, we apply (33) with= a;(s—;) and
_ get
Z (a; —a;) = Z Z — ay)
U 2T 1:3€T,1;(x)=1 j:l; (z)=1 a;(@,s—:) _
ci(s) =

o'
Z ZTé(aj - dj) , je;\:{i} /%(s) J

=" l(x)=l jJEL
1:3i€Z,l;(x)=l JE Z ﬁj(aj(w, S,i) — aj(s)). (34)
>0 from (30) andac.A JET\{i}

IN

where the second line comes from (31). Therefore Furthermore, from Lemma 5 we have

Vo > 0,Va € A, > (ai—a)>0. (32 S (a0, 5-:) — a;(s)) <0

U > T
JET
To complete the proof of the lemma, we sort the maxi-
mum pseudo-market clearing pricés;, i € Z} in a descend- which implies thaty", 7\ ;, @;(a; (0, s—;) — a;(s)) < wa;,

ing order: 4y > @@ > .. > ), and defineD, = and therefore
i >ag, (¢ — @)- Equation (32) implies thab ) > 0 for ci(s) < Ua;.
all k such thatiyx) > 0, and consequently for all < K —1 The end of the proof works like the proof of the individual
sinceu ) = 0. rationality in the single-link case [13]:
If we introduceD ) = 0, we have o if a;(s) = 0 thenc;(s) < 0 and (19) is established.

K o if a;(s) > 0 then necessaril;i_z(uz) > 0 (Eq. (16)), so

Zﬁi(ai — &) Z Z ai — ;) we haves; # 0 andp!’ > @;. Lemma 2 thus gives

et P 0(d;(u;)) > u;. The nonincreasingness @f and the in-
equalitya;(s) < d;(u;) imply that

K
Z ) (Dky = Dx—1)) ais) ) o
i / B> ai()8)(ai(s)) > as()04(di (0:)) > as(s),

K—-1
= Doy + Y (@) — i) Dewy giving (19).
> 0 =t Relation (20) is a straightforward consequence of (19) and
- Lemmal. |
since all the terms in the sum are nonnegative, and
o if Ug)y =0thenu gDy =0 V. PROOF OFPROPOSITION2
« if 4y > 0 then we haveD(x) > 0 and consequently Proof: Following the lines of [13], we consider two multi-
“(K>D_(K> > 0. bids: a truthful multi-bids; and another ong;, not necessarily
Lemma 5 is then proved. B truthful, for useri. The difference of charges is
IV. PROOF OFPROPOSITION1 a;(s)
i . . |Z| . Ci(§i7 S_i) - ci(s) =
Proof: We first establish thatZ,vs € S Vj € Z,Vy € ) Jas(Girss)
R+ JET\{i} © 4915
as(s) > ij(aj(s) — aj(5i,5-1))  (35)
/y 0 = a;(a;(s) — ), (33) jE;\{i} R
whereu; is the highest pseudo-market clearing price on us@here we used (33).
Jj's route, as defined in (15). On the other hand, consider the difference of valuations
This comes from the fact tha, is left-continuous and non- Dy, = 0;(ai(s)) — 0:i(ai(3;,5_;)).
increasing, and from (16) and Lemma 2: We distinguish several cases:
o If y < a;(s), then o if a;(s) > a;(5;,5_,), then
/aJ (s) 9_3 Z 9_3 (aj (3)) (a]-(s) _ y) DG _ /a7,(s) 9/ - /(]/7,(8) 9_/
! 0% (d;(a;)) 20 1 a4 (80,9-4) o Jalies) Z
> uiai(s) —ai(8;,s—;
> ,(a,() — ) =l — s o)

from inequalities (6) and (33).

o lIf y > a;(s), then
o If ai(s) < ai(éi, S,Z‘) andu; > 9;(0), then

“1(5)_ _
[ = ) ) -y we ]
y Du= [ O = GO - )
<opdhHt) <0 ai(3i,5_4)
> aj(ay(s) —y). > uiai(s) = ai(3i,5-i))-



o If ai(s) < ai(éi,s,i) andu; < 9;(0), then@;(dz(ﬂz))
u; and
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Now we remark that for alin, 0 < m < M;

di(pi") py
_ 0/(q) — p™)dg = di(p) — d; (pT1))d
Do, = Bu(as(s)) — Buld(@)) + L @@ e = [ (i)~ o iy
+0i(di () — 0i(ai(5i, 5-i)) P
ai(s) > 2 Tap
> [ i)~ mda+ wlas(s) - ditm) + S
di(a;) ( m+1 m\2
y pi =)
7. A7) — . . . > M 0 7
+7Uz (dz (Uz) az(sza 571)) - 2K
dL(uj)
2/ (0:(q) — u;)dq + wi(ai(s) — a;(3;,5—;))  where the second line comes from (37).

where the last line comes from (16) and from the fact th
0i(q) —u; > 0 forall ¢ < d;(u;).
Finally we always have

di(ﬂ%)

Do, > i(ai(s) — as(5e, 5_1)) — / (0(q) — ;)dg. (36)

J% (Ej»)

To conclude the proof, from (35) and (36), we get

Finally, (23) implies that/m,0 < m < M;, p*!
éém . Therefore (39) and (40) give

_ p;m <

7 =

9;(&2(5)) S ﬂi “+ 1/ 2/%01

DefineA = {& erlfl: 34 < Q}, and take anyi € A.
LetZ, = {k:ar > ax(s)} andZ_ = {k : ar < ax(s)}. For
i € ZT_, we haveay(s) > a, > 0, and therefore (38) implies
0i(a;(s)) > @;. Applying (40), we then have

Ui(s) = Ui(3i,8-:) = Do, +ci(3i,5-i) — ci(s) > 0i(ai) — 0i(ai(s))

di(u;

> _/ ( >(9§(q) — Wi)dg + < S0 ai(9)) (@ — ails) = 3 Biai(s)) (ails) — @)

J%(ﬂj) I, —
+ 2 5(a5(s) — a; (51, 5-0)) < Yo~ ai(s) + Y V20— ails))
JET > -

di(ws) root

> - /d“) (0;(q) — u;)dg, < Q' \/@

where we used Lemma 5. The proposition is then established.

where we applied Lemma 5.

V1. PROOF OFPROPOSITION4
(1]
Proof: First notice that if Assumptions 1 and 2 hold, then
(2]

VieTI,Ve,f:0<e<f<0/(0),

Foe [3]
di(e) = di(f) > —. 37)
A
_ Consider a player € Z such that;(s) > 0. Sincea;(s) < 1
and
0;(ai(s)) > 0;(di(u;)) > 0;(di(u)) = ;. (38) 8l
On the other hand, we have (7]
0;(ai(s)) < 0}(ds(a})). (39)
[9
/ Th
o If 6;(0) > @; then 10]
A (nT — 3 mo, . m .
ez(dl(u’z )) - lgmnéll\r}i+1{pl “P; > U”L} [11]
= . m+1l _  m
< wit max (p] pi"). (40)
T [12]

with pi 1 = ¢/(0) andp? = 0.
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