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This paper presents some refinements of a rare event simulation algorithm developped in [1] for estimat-
ing the probability of connection of two nodess andt in an undirected graphG representing a communication
network where nodes are perfect but links can fail. The method proposed in [1] makes use of disjoint paths (that
is, with no common link) and samples a geometric variable representing the first timeindependent replications
of a graph result in a configuration with at least one failed link in each path of a predetermined set. Generating
such a random variable allows therefore to save a lot of computational time (but does not reduce variance) by
avoiding the generation of all graphs. We propose here to investigate the variance reduction that can be obtained
by replacing the geometric random variable by its expected value (conditional Monte Carlo). We also discuss
how the set of disjoint paths can be determined and the robustness properties of the resulting estimator.

Model and previous work: using a geometric random variable to determine the first graph with a failed
link on each path of a predefined set

Let ∀h, the probability that linkh of graphG is failed beuh = ahεbh with ah,bh > 0 andε a parameter
representing rarity when it goes to zero. We want to quantify the probabilityu that the graph does not support
the communication between two selected nodess andt. The computation ofu is known to be NP-hard, which
naturally leads to make use of Monte Carlo simulation. The standard Monte Carlomethod buildsn independent
copies ofG, and simply estimatesu by the proportion of graphs for which the selected nodes are not able to
communicate. This estimator is unbiased, with variance isσ2

n = u(1− u)/n, but yields a relative variance
σ2

n/u2 → ∞ as ε → 0 (becauseu → 0), showing that it is an unrobust estimator when the system is highly
reliable (i.e., when the failures are rare events).

In [1], a different estimator builds a setP = {P1,P2, · · · ,PH} of elementary paths connecting nodessand
t, such that any pair of paths does not share any link. Ifph = ∏i∈Ph

ui is the probability that all links of pathPh

work, the random variableF representing the first element in the sequence of independent graphs where every
path inP has at least one link that does not work is geometrically distributed with parameterq = ∏H

h=1(1− ph)

(Pr(F > f ) = (1−q) f , f ≥ 1). Observe thatq→ 0 asε → 0. On the average, we have to wait for 1/q samples
to find one such graph and theF-th copy can easily be sampled, on a conditional basis, with no need to sample
theF −1 first ones.

When sampling this wayn graphs, the variance is stillσ2
n = u(1−u)/n, but there is an important gain in



computing time. To quantify this gain, we can look at the relative efficiency, asdefined in [2]: REff= u2/(σ2
ntn)

wheretn is the average time to build an-sample. We say that we have bounded relative efficiency (BREff) if
there exists a constantd > 0 such that REff is minored byd for all ε, meaning that we are able to obtain a
bounded relative error for a given computational time budget, no matter howsmallε is. A sufficient condition
on P is provided in [2].

Variance reduction by considering the expected value of the geometric random variable
Consider now the case whereF is replaced by its expected value. Then exactly one in 1/q independent

graphs will have at least one failed link on each path ofP . LetZ = qY be an (unbiased) estimator ofu over such
a block, whereY is a Bernoulli random variable that is 1 is the graph is failed and 0 otherwise,and such that at
least one link on each path is failed. Getting a confidence interval foru is obtained by considering independent
copies ofZ and applying standard procedures.

Definep as the probability thatY = 1. Obviously,u = qp, andσ2[Z] = q2σ2[Y] = q2p(1− p).
Property:Comparing the ratios of efficiencies 1/(σ2

1t1) of the estimator that considers the expected value
over that of the one with the geometric distribution, we get (by assuming that thetime to generate the geometric
r. v. is negligible):

qu(1−u)

q2p(1− p)
=

1−qp
1− p

> 1

because one geometric random variableF corresponds, on the average, to 1/q graphs. Considering the expected
value therefore always yields an efficiency improvement that we are ableto characterize.

On the choice of disjoint paths
A key issue is to determine for the two above methods a set of paths for which we have the BREff

property.
Property: In the homogeneous case, that is assuming thatuh = ε for each linkh, a set of paths such

that BREff is verified can be built as a by-product of a maximum flow computation, for instance using the
Ford-Fulkerson algorithm. The proof consists of showing that the resulting set of paths verifies the sufficient
condition in [2].

Property: In the heterogeneous case, when link unreliabilitiesuh have different values ofbh, then it is not
always possible to build a set of paths such that BREff is verified. A counter-example is provided in the next
figure: all possible sets of link-disjoint paths lead to values of probabilities that are not sufficient to guarantee
that the REff will remain bounded when epsilon goes to 0.
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Figure 1: A “bridge” with the unreliabilities of its 5 edges
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