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e Why using logic for specifying/verifying programs?
® Propositional logic
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Why using functional paradigm to program?
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Propositional logic: syntax and interpretations

Definition 1 (Propositional formula)

Let P be a set of propositional variables. The set of propositional formula
is defined by

pu=p| ¢ | d1Vor | pr1AP2 | o1 —> 2  wherepec P

Definition 2 (Propositional interpretation)

An interpretation | associates to variables of P a value in {True,False}.

Example 3

Let ¢ = (p1 A p2) —> p3. Let I be the interpretation such that
I[p1] = True, I[p2] = True and /[p3] = False.
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Propositional logic: syntax and interpretations (I1)

We extend the domain of / to formulas as follows:

) True iff I[¢] = False
el = { False iff /[¢] = True

o1V ¢2] = True iff I[¢p1] = True or [[¢o] = True
o1 A ¢2] = True iff I[¢1] = True and /[¢p2] = True

I[¢1] = False or

l[¢1 — ¢2] = True iff { I[¢1] = True and /[¢2] = True

Example 4

Let ¢ = (p1 A p2) — p3 and [ the interpretation such that /[p;]] = True,
I[p2] = True and /[p3] = False.

We have I[p1 A p2] = True and /[(p1 A p2) — p3] = False.
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Propositional logic: syntax and interpretations (IlI)

The presentation using truth tables is generally preferred:

a ‘ b H avb
a H —a False | False || False
False || True True | False || True
True || False False | True True
True | True True
a ‘ b H anb a ‘ b H a—b>b
False | False || False False | False True
True | False || False True | False || False
False | True || False False | True True
True | True True True | True True
13/33

Propositional logic: models

Definition 5 (Propositional model)
I is a model of ¢, denoted by | = ¢, if I[¢] = True.

Definition 6 (Valid formula/Tautology)
A formula ¢ is valid, denoted by = ¢, if for all | we have | |= ¢.

Example 7

Let ¢ = (p1 A p2) — p3 and ¢’ = (p1 A p2) —> p1. Let I be the
interpretation such that /[p;] = True, /[p2] = True and /[p3] = False.

We have | £ ¢, | = ¢/, and = ¢/,
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Propositional logic: decidability and tools in Isabelle/HOL

Property 1

In propositional logic, given ¢, the following problems are decidable:
o sk ¢?
® s there an interpretation | such that | |= ¢?
® s there an interpretation | such that | = ¢?

o

® To automatically prove that =@ ...................... apply auto
(if the formula is not valid, there remains some unsolved goals)
® To build I such that I £ (or = =) oot nitpick

(i.e. find a counterexample... may take some time on large formula)

Other useful commands

® To close the proof of a proven formula......................... done
® To abandon the proof of an unprovable formula ............... oops
® To abandon the proof of (potentially) provable formula ....... sorry
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Writing and proving propositional formulas in Isabelle/HOL

Example 8 (Valid formula)

lemma "(p1 /\ p2) -—> p1"
apply auto
done

Example 9 (Unprovable formula)
lemma "(pl /\ p2) --> p3"

nitpick
oops
v
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Isabelle/HOL: ASCII notations

Symbol | ASCII notation
True True
False False
A /\

V \/
7& ~=
— -—>

— =
A ALL
= ?
A yA

See the Isabelle/HOL's cheat sheet at the end of the document!

Propositional logic: exercises in Isabelle/HOL

Exercise 1

Using Isabelle/HOL, for each formula, say if it is valid or give a
counterexample interpretation, otherwise.

® AVB
® (AANB)— -C)V(A—B) — A—C

© If it rains, Robert takes his umbrella. Robert does not have his
umbrella hence it does not rain.

0 (A— B) +— (mAVB)
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First-order logic (FOL) / Predicate logic First-order logic: terms
Definition 10 (Terms)
Let F be a set of symbols and ar a function such that ar : ¥ = N
associating each symbol of F to its arity (the number of parameter). Let
X be a variable set.
@ Terms and Formulas }
® Interpretation The set T(F, X), the set of terms built on F and X, is defined by:
P > T(F.X) =X U{f(t1,....ta) | ar(f)=nand t1,... t, € T(F,X)}.
©® Models
O Logic consequence and verification Example 11
Let F={f:1,g:2,a:0,b:0} and X = {x,y, z}.
f(x), a, z g(g(a,x),f(a)), g(x,x) are terms and belong to T (F, X).
f, a(b), f(a,b), x(a), f(a,f(b)) do not belong to T(F,X).
In term f(a, f(b)), terms a, f(b), and b are called subterms of (a, f(b)).
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First-order logic: formula syntax

First-order logic syntax: the quiz

Definition 12 (Formulas)
Let P be a set of predicate symbols all having an arity, i.e. ar : P = N. Quiz 1
The set of formulas defined on F, X and P is: Let P={p:1,q:2,<:2}, F={f:1,g:2,2:0} and X = {x,y, z}.
G=—¢ | ¢1Vhy | d1Ad | d1 — dn | Vx.p | Ix.d | p(te,. .., tn) o aisaterm [ [V | True || Ml | False ]
where t1,...,t, € T(F,X), x€X, peP and ar(p)=n. ® x is aterm F.‘ True H‘.‘ False‘
* f(g(a)) is a term m ‘ True H‘ R ‘ False ‘
Example 13 v ) m = I
° . t
Let P={p:1,q:2,<:2}, F={f:1,g:2,a:0} and X = {x,y, z}. XX ls aterm ‘ ruem ‘ ase‘
The following expressions are all formulas: ® Vx.x is a formula \—! ‘ True H‘ R ‘ False ‘
* p(f(a)) ® p(f(g(a,x))) is a formula m ‘ True H‘ . ‘ False ‘
* q(g(f(a),x),y) ® Vx.p(x) Ax <y is a formula m ‘ True H‘ R ‘ False ‘
® Vx.dy.y <x
® VxVyVzx<yANy<z—x<z
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Interlude: a touch of lambda-calculus Interlude: a touch of lambda-calculus (in Isabelle HOL)
We need to define anonymous functions
e Classical notation for functions Isabelle/HOL also use function update using (:=) as in:
f:NxN=N or, for short, f:N?= N ® (Ax.x)(0:=1,1:= 2) the identity function except for 0 that is
f(x,y)=x+y f(x,y)=x+y mapped to 1 and 1 that is mapped to 2
e Lambda-notation of functions ® (Ax._)(a:= b) a function taking one parameter and whose result is
fF N2 = N unspecified except for value a that is mapped to b
F = Mx,y).x +y
‘ Predicates in Isabelle/HOL
AX y. X + y is an anonymous function adding two naturals ® A predicate is a function mapping values to {True,False}
This corresponds to For instance the predicate p on {a, b}
e fun x y —-> x+y in OCaml/Why3 p =(Ax._)(a := False, b := False) )
® (x: Int, y:Int) => x + yin Scala
23/33 24/33




First-order formulas: interpretations and valuations

Definition 14 (First-order interpretation)
Let ¢ be a formula and D a domain. An interpretation | of ¢ on the
domain D associates:

® a function f; : D" = D to each symbol f € F such that ar(f) = n,

® a function p; : D" = {True,False} to each predicate symbol p € P
such that ar(p) = n.

Example 15 (Some interpretations of ¢ = Vx.ev(x) — od(s(x)))
® | et / be the interpretation such that domain D = N and
s;=Ax.x+1 evy = Ax.((x mod 2) =0) od; = Ax.((x mod 2) =1)
e Let I be the interpretation such that domain D = {a, b} and
sy = Mx.if x=athenbelsea evy =Ax.(x=a) ody = \x.False

Definition 16 (Valuation)
Let D be a domain. A valuation V is a function V : X = D.
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First-order logic: interpretations and valuations (I1)

Definition 17
The interpretation / of a formula ¢ for a valuation V is defined by:
e (LV)[x]=V(x)ifxeX
o (I,V)[f(t,...,ta)] = (1, V)[ta],-.., (I, V)[ta]) if f € F and
ar(f)=n
e (/a(V))HP(tl,---,tn)]] = pi((, V)[ta], -, (1, V)[ta]) if p € P and
ar(p) =n
® (I,V)[¢1V ¢2] = True iff (I, V)[¢1] = True or (I, V)[¢2] = True
® etc...
o (LV)Ivxgl = N\ (I V +{x = d})[¢]
deD
o (LV)Bxgl = \/ (I, V +{x = d})[¢]
deD
where (V + {x— d})(x) =d and (V + {x — d})(y) = V(y) if x # y.
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First-order logic: satisfiability, models, tautologies

Definition 18 (Satisfiability)
I and V satisfy ¢ (denoted by (1, V) = ¢) if (I, V)[¢] = True.

Definition 19 (First-order Model)

An interpretation / is a model of ¢, denoted by / = ¢, if for all valuation
V we have (/, V) = ¢.

Definition 20 (First-order Tautology)

A formula ¢ is a tautology if all its interpretations are models,
i.e. (I,V) [ ¢ for all interpretations / and all valuations V.

Remark 1
Free variables are universally quantified (e.g. P(x) equivalent to Vx. P(x))
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First-order logic: decidability and tools in Isabelle/HOL

Property 2
In first-order logic, given ¢, the following problems are undecidable:
° IskE=¢7?
® [s there an interpretation | (and valuation V') such that (I, V) |= ¢7
® [s there an interpretation | (and valuation V') such that (I, V) = ¢7 )

® Try to automatically prove ¢ ... apply auto
Uses decision procedures (e.g. arithmetic) to try to prove the formula.

If it does not succeed, it does not mean that the formula is
unprovable!

® Try to build / and V such that (I, V) o ..ot nitpick

If it does not succeed, it does not mean that there is no
counterexample!
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First-order logic: exercises in Isabelle/HOL

Exercise 2

Using Isabelle/HOL, for each formula, say if it is valid or give a
counterexample interpretation and valuation otherwise.

@ Vx. p(x) — Ix.p(x)

® Ix. p(x) — Vx.p(x)

© Vx. ev(x) — od(s(x))
OVxy.x>y—x+1>y+1

x>y —x+1>y+1

O Vmn (-(m<nAm<n+1l)— m=n
@ Vx.dy.x+y=0

® Vy. (=p(f(y))) <— p(f(y))

® Y. (p(F(y)) — p(F(y +1)))
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Isabelle/HOL notations: priority, associativity, shorthands

® Here are the logical operators in decreasing order of priority:
e = AV, — V3
® «a prioritary operator first chooses its operands»

For instance
® ——P = P means ~—(P = P) !
® ANB=BAAmeans AA(B=B)AAl
® P AVx.Q(x) will be parsed as (P A V)x.Q(x) !
Hence, write P A (Vx.Q(x)) instead!

All binary operators are associative to the right, for instance
A — B — Cis equivalent to A — (B — ()

Nested quantifications Vx.Vy. Vz. P can be abbreviated into Vx y z. P

Free variables are universally quantified, i.e. P(x) is equiv. to
Vx. P(x)

All Isabelle/HOL tools will prefer P(x) to Vx. P(x)

T. Genet (ISTIC/IRISA) ACF-1 30/33

First-order logic: satisfiability and models

Definition 21 (Satisfiable formula)

A formula ¢ is satisfiable if there exists an interpretation / and a valuation
V such that (/, V) E ¢.

Example 22
Let ¢ = p(f(y)) with F ={f : 1}, P={p: 1}, X = {y}.
The formula ¢ is satisfiable (there exists (/, V) such that (/, V) = ¢)
® Let / be the interp. s.t. D ={0,1}, p;=Ax.(x=0), fi=Ax.x
® Let V be the valuation such that V(y) =0
We have (1, V) E ¢. With V'(y) =1, (I, V') £ ¢. Hence, I is not a
model of ¢.
® Let /' be the interp. s.t. D={0,1}, pr=Ax.(x=0), fr=Ax.0
We have (I', V) | ¢ for all valuation V/, hence I’ is a model of ¢.
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Satisfiability — the quiz

Quiz 2

Let P={p:1}, F={f:1,a:0,b:0} and X = {x}.
e f(a) is satisfiable m ‘ True H‘ R ‘ False ‘
® p(f(a)) is satisfiable m ‘ True H‘ R ‘ False ‘
® p(f(x)) is satisfiable m ‘ True H‘ B ‘ False ‘
® p(f(x)) is a tautology l—! ‘ True H‘ . ‘ False ‘

e —p(f(x)) is satisfiable m ‘ True H‘ ‘ False ‘
e —p(f(x)) A p(f(x)) is satisfiable m ‘ True H‘ ‘ False ‘
® p(f(a)) — p(f(b)) is satisfiable m ‘ True H‘ ‘ False ‘
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First-order logic: contradictions

Definition 23 (Contradiction)

A formula is contradictory (or unsatisfiable) if it cannot be satisfied,
i.e. (I, V) [~ ¢ for all interpretation / and all valuation V.

Property 3
A formula ¢ is contradictory iff —¢ is a tautology.

Example 24 (See in Isabelle cm1.thy file)

Let ¢ = (Yy.—=p(f(y))) «— (Vy.p(f(y))). The formula ¢ is contradictory
and —¢ is a tautology.

4
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